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Treetran - An Extension of Fortran for the Manipulation of Tree
Structured Data
1. Introduction
Very often pieces of data to be used in solving a problem are
not independent, but rather stand in some relation to one another.
A familiar example from mathematics is the matrix, where one seldom
considers elements individually,  but rather in their "rectangular"
relation to the other elements of the matrix. One often represents
such structured data, by drawing lines between those items which are
related. Figure 1 illustrates such a representation, called a
y;	 labeled graph. This graph, which represents countries of Europe and
the adjacency relation between them, consists of 26 points (or ele-
ments) each of which is uniquely identified by the integer preceding
the colon.
	
The label at each point is the information contained
within the parentheses, in this case the name of a country.	 Labels
may be regarded as data associated with points in a data structure.
Countries which are adjacent (share a common border) are clearly
indicated b	 the lines, called edges.g
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In particular one encounters, in diverse computer applications,
labeled graphs (or data structures) similar to Figure 2.
a:(president)
b:(v.pres.)
d:(asst.)	 e:(asst.)
	
f:(asst.)
i:(division j:(division k:(division
head)	 head)	 head)
c:(v.pres.)
	
g:(division
	
h•(division
	he d)	 head)
1-.(manager) m:(manager) n:(chief
acct.)
o:(manager)	 p:(manager)
r4
We place arrow heads on the edges to denote that the relation between
the elements of the structure are directional, or one way only. Such
T
data structures are called directed trees. Corporate organization is
a tree structure that occurs naturally in management, as are various
operational decision trees. In the theory of games where the choice
of alternative moves is dependent on the preceding move of an opponent,
a tree structure is a natural model. Such trees may represent the
parse structure of an arithmetic expression in a syntax directed com-
piler, or the structure of an ordinary sentence in a natural language
'translating system. The directory organization of many computer opera-
ting systems reflect this basic structure, as do many information
retrieval systems and hierarchical file systems.
Since the use of data structures is so important to so many com-
puter applications, one would expect the development of programming
languages designed toeasermit
	 use and manipulation of these kindsp	 Y	
of structures. Indeed numerous list and graph processing languages,
such as LISP, IPL-5, and PLI, (to name only a few of the better known)
have been written to this end. But use of these languages often requires
considerable programming expertise and they are seldom used by beginning
programmers.
	 .
Treetran, which is a programming system embedded within the FORTRAN
language, was written to give the capability of data structure manipula-
tion to the relatively inexperienced programmer. For instance, the
programmer is never concerned with links or pointers which are so often
It 
II
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In parLi cular, entire tree structures are treated as if they were
ordinary FORTRAN variables, called tree variables, and tho programmer
needs only eighteen intuitively natural functions and subrouti ►►ps to
work with them. In, fact, Treetran is such a slight extension of
FORTRAN that experience with beginning students indicates that they
can master the system in a few hours. The more difficult hurdle is
the abstract conceptual one of realizing that the data of many applica-
tions is inherently tree structured, and that good use may be made of
this structure. It may be that Treetran's greatest value is the
early practice it provides in these new thought patterns.
In Section 2, we discuss characteristics of, and terminology used
with, tr?e structured data. Section 3 describes naming conventions
attendant to the creation of tree variables, while Section 4 presents
all of the tree manipulating operations available in Treetran. It is
possible to have a label of a point in a data structure which is it-
self a tree. Implications of this concept is discussed in Section 5.
Section 5 is just a short reference summary of all Treetran routines.
Finally, in Section 7, we illustrate the application of Treetran to
iIf
b
2. Trees
The programming simplicity of Treetran is obtained by deliberately
limiting its domain of operation to data structures that are directed
prr', ic-ipa l tro.r.n. Figure 2 is a principal tree, In thi s section., we
give a completely intuitive description of principal trees. This is
not difficult since after linear and multiply dimensioned arrays,
principal trees are the most commonly encoun t i--ed data structure in
computer applications. Interested readers will find a rigorous graph
theoretic development in Appendix B.
Consider an directed ra h such as Figures 2 3 4 or 5 with	 4y	 gr p ,s	 ^	 ^^ a	 s
an edge (indicated graphically by an arrow) from point "a" to point
We will call "a" a precedent of "b" and call "b" a desc„Pendant
of "a". A point in an arbitrary graph may have many precedents and/or
descendants. And let us say that "p" is accessible from "a” if we
can rea ch "P" by following a sequence of edges in the indicated
di recti on.
A principat tree, T, is a directed graph with the properties:
(1) no point is accessible from itself;
(2) if "p" is accessible from " a", then the sequence of edges
followed i s unique;
(3) there exists a point "a", which is called the principal point
of T 1 , such that every other point is accessible from "a"
Readers already familiar with an alternative definition of "tree" may
ft
1
t
t
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Figure 3
Figure 4
W	 0
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principal tree if every point has at most one precedent - a point without
a p recedent is the principal point, and it must be unique.
It is easy to verify that Figure 2 is indeed a principal tree.
}
Figures 3, 4, and 5 illustrate directed graphs which are not principal trees.
They violate conditions (1) , (2) , and (3) respectively. Thus, these figures
illustrate data structures which can not be constructed in Treetran.
n8
One may also consider principal subtrees which consists of any point
together with all points accessible from it. Thus, in Figure 2, the
point f is the principal point of the subtree consisting of itself, i, ,",
r, o, and p.
An endpoint is a point without descendants. Thus, d, e, j. j, o, n,
1, m, and n are endpoints (or simply ends).
The depth of a point below a specified point is the number of edges
between them. Points, d, e, f, g, and h are all of depth 2 below the
point a.	 m
A tree is said to be ZabeZZed if we associate with each point of the
tree one or more labels, L i , In practice, these ZabeZs are usually pieces
of data that have been associated with the individual points of the
structure. Labels in Treetran may be regular FORTRAN variables; tree
variables; Subroutines entry points; or virtually anything. Notice however
that the letters "a" through "p" in figure 2 are not labels. They are
merely symbols used to identify (or name) individual points.
Figure f illustrates a labelled tree with the same structure as Figure
2. Here two labels have been associated with each point; the first label
is alphabet"c and the second label is either subroutine entry point or
core location. We have followed the notational device of enclosing the
labels L 1 and L2 in parentheses. Identifiers, if any, precede the
colon. In this example only four points have been identified uniquely.
This structure can be interpreted as a functional parse of the arithmetic 	
n1-
t
(W,loc(W))	 (X,loc(X))	 f:(MIN,$MIN) (+9$EXP) h:(-s$NEG)
(X,loc(X))
	
(2,loc(2))	 (+,$ADD) (Z,loc(Z))	 (2,loc(2))	 (W,loc(W))
w
0'
a:(*,$MOLT)
b: (MAX , $MAX )
	 (*,$MULT)
E
(Y,1© (Y))	 (Z,loc(Z))
Expression tree corresponding to MAX[W,X,r1IN(X,2,Y+Z)] * Z 2 * ( -W)
where the second label at each point is either a subroutine entry
point or a core location.
Fiqure
t
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3. Naming ConventionsT
In compiler level languages such as FORTRAN, individual pieces of
data ( stored in cells, words, or bytes depending on the particular
machine organization) are represented by symbolic identifiers called
variables, for example "V. That is to say the variable symbol "X"
represents the data itself and may be used exactly as if it were a
I
number or string of characters.
	 The "meaning", that is the data
value, of the variable identifier is then defined by means of arith-
meti c replacement, input, or DATA statements.
In the Treetran system we introduce new variable identifiers,
called trey
 var^ables, that do not represent data, but rather repre-
sent points of a tree structure where data (i.e., labels) is stored.
Such a variable identifier ( for instance "A") we say identifies a
point of a tree. One must refer to a label ( or data) associated with
the point "A" indirectly  via a LABEL function. Thus,
I = LABEL (A,1)
makes one FORTRAN variable I equal to the value of the first label,
L l , at point "A" .
Tree variables are defined in Treetran when points are created.
For example
A = CREATE ( LABELI, LABEL2,.. , LABrLK)
creates a point, k associated labels, and a tree variable "A" which
refers to the point. More precisely, every time a point is created
1 Ever	 ur nce of a FORTRAN variable symbol  in the right hand side 	 Ey
	 e	 Rg
of an arithmetic` expression may be replaced by a numeric literal and
still be syntactically well formed. In contrast, most variable	 r
,symbols in an assembly level language may be replace d by a machine r,
address and still be well formed. Thus, in assembly languages the 	 M
variable symbol stands for the location of data and not the data
itself.
ii
in Treetran it is assigned a bit pattern, called its name, which
i
facilitates its retrieval within the system. 	 The contents of any
tree variable is the name of a point. If A is a tree variable and
'J
	 we execute the arithmetic statement
R	 B=A
then B is also a tree variable referring to the same point as A.
Thus, the symbolic identifiers " A" and " B" may be considered aliases
of a point whose actual "name" is a bit pattern. Throughout this
report we will use aZias to mean the symbolic representation of one
rk	 or more tree variables used to identify the same point of a tree
structure. When programming in Treetran, one is concerned solely with
symbolic identifiers, that is aliases.
3 vt,
^t
	
So far we have discussed only the capability of referencing
individual points of a tree structure from a user's FORTRAN program
If
	
by means of tree variables, or aliases. But clearly, in any system
which purports to handle data structures, one must be able to refer-
ence entire structures. The development of matrix manipulating
routines for FORTRAN provides the test analogy. A routine which
of
Y
	 requires the enumeration of every individual  element ( variable) of
rp
	
the matrices involved is obviously intolerable. Instead, by means of
the well known storage conventions, it is possible to pass only the
names of the involved matrices (which are after all only very
specialized kinds of data structures), and rely on these conventions
•
r
^I
R,
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to access the individual components.
Treetran has been restricted to operate only on principal trees
expressly to obtain such a naming capability, We establish the con-
vention that the alias of an entire tree (or principal subtree) is
simply the alias of its principal point. Since every tree (or sub-
s
tree) has a unique principal point , no ambiquities can be introduced
by this convention. Whether a given tree variable ( or alias)
appearing in the parameter list of a Treetran routine references only
the point itself,  or the entire tree, is determined by the function
of the routine itself. In all cases the implied usage should be
apparent from the context.
Having symbolically named tree structures we ma y now treat them
as specific entities. In particular, we may attach one tree to another,
delete subtrees, compare trees, or output them. These kinds of mani-
pulations will become apparent as we discuss the individual Treetran
routines in the following section.
n %
i
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4. Treetran Routines and Their Use
4.1 Initial Procedures
Since Treetran introduces a new type of data item --
labelled points which can be linked to form tree structures --
these must first be declared to the system. A point declaration
specifies the number of labels associated with any point in the
system, together with the type of each label. In this implemen-
tation all points in a single run must have the same label format
so a single declaration is sufficient. Declaration is accomplish-
ed by a subroutine call with the format:
CALL DE CLAR W abe Z, type l 13 ... , type Zn ) .
nZabeZ is an integer denoting the number of labels associated with
each point. Typel i ; is the type of label i.
	 Permitted types are
'REAL' denotes that the value of
'INTEGER'	 the label is a typical one
'ALPHA'	 word FORTRAN variable
'LOGICAL'
'TREE'	 -	 value of label is itself a, tree
structure
'OCTAL'	 -	 value of label is not one of above,
e.g., it may be array name, sub-
routine entry point., Boolean bit pattern,
etc. Its usage must be completely deter-
mined by the programmer.
,A
rF
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The declaration statement used to define the tree of Figure 6
would be
CALL DECLAR (2 9 'ALPHA', 'OCTAL')
Other examples are:
CALL DECLAR (4, 'REAL', 'REAL', 'TREE', 'LOGICAL')
CALL DECLAR (1, 'INTEGER')
In a single Treetran application, all points of every tree must
have the same set of associated labels as declared by the DECLAR
routine. However we often find, in actual practice, that this leads
to redundant labels at some points in the tree whose labels are really
undefined. For this reason the user must choose a value which will
never be used as a valid label and declare this to be the nullvaZue.
Zero, minus one, or the literal string 'NULL' are commonly used
nullvalues. All undefined labels are assigned this nullvalue. In
addition, certain functions return the null value to denote that the
function is undefined with the specified arguments.
Because storage requirements vary from application to application,
the reservation of sufficient core is left to the user. A block of
I-
words is reserved in the users program by means of a DIMENSION state-
ment and this information is passed to the Treetran system by the sub-
routine call,
CALL SETUP (array, dim, nZab, nullvaZue)'
where array and dim are the name and dimension of an arrary reserved
by the user for building trees, nZab is the number of labels
associated with each.ointp (repeats information provided in DECLAR(	 	 p
routine); and nullvaZue is the user assigned value.
If npoints denotes the maximum number of points involved in tree'
structures at any given time, (;the points of unnecessary trees are
DIMENSION SPACE(1000)
r
i
a
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returned and reassigned by the system); and nZabeZ is the number
of labels per point then the dimension of the reserved array should
be at least npoi,nts * WabeZ + 2). In practice one usually
increases this value somewhat to provide a margin of safety.
The routine DECLAR and SETUP may be called at any point in a
user's FORTRAN program, but they must precede any use of the other
Treetran routines. Typical examples of Treetran initialization are:
CALL DECLAR (2, 'INTEGER', 'TREE')
CALL SETUP (SPACE, 1000 9
 2 9 0)
or
	
	 a
DIMENSION TREES (5000)
CALL DECLAR (3, 'REAL', 'ALPHA', 'TREE')
NULL = - 7
k
i
t
4.2 Building Tree Structures
Tree structures are treated in Treetran by using two basic
routines, CREATE and EDGE. The first function is used to create
individual  1abelled points. It has the form
CREATE (label 1,..h,Zabel,d
where the argument list specifies all the labels to be associated
with this point. The argument nullvaZue may be used to indicate
labels which are to remain undefined or which are to be assigned
a value at some later time. CREATE returns as its functional value
the name of the newly created point. Thus,
16
R00T' = CREATE (3.1486 9 nullvaZue, 7)
creates a point with three labels, the second of which is undefined.
The FORTRAN variable ROOT is now an alias of the point. Note that
creating a point does not imbed -it in a tree structure (except the
trivial one consisting of the singleton point by itself).
Labels which were undefined at the time a point was created
may be defined later (or the value of any label changed) by means
of the function
ALTER (alias, i, newva Zue) .
The ith label of the point whose alias is given will be changed
to newvalue. If called as a function, ALTER delivers the oZdvaZue.
An alternative entry IALTER is provided to simplify observance of
real-integer conventions in FORTRAN arithmetic expressions and re-
s17
which delivers the current value of the i th label at point aZiao as
its functional value. An alternate entry RLABEL is similarly
provided.
The EDGE routine (which may be called as either a function or
subroutine) is used to establish edges between points and actually
build the tree structures themselves. The general format is
EDGE Wiasl, alias2)
which creates an edge from the point with aZiasl to the point with
aZias2. When used as a function it returns as its functional value,
the value of the first argument (i .e. , the precedent point). Thus,
CALL EDGE (A,B)
creates an edge from point A to point B. And,
ROOT = EDGE (CREATE ('A', 7.3) 9 CREATE ('B', - 8.1))
constructs the following small tree structure with alias ROOT
ROOT: (A,7.3)
(B,-8.1)
Since the alias of a point is really the alias of the entire
subtree for which it is the principle point, the EDGE routine may
also be used to connect one tree structure to another. In more
suggestive terminology it attaches the tree with alias2, to the point
with aZiasl.
Suppose for example we have constructed two separate trees in
the system (as in Figure 7) with aliases TREE1 and TREE2. Then
CALL EDGE (TREElo TREE2)
r18
	TREE1:0 ,null)
	 TREE2:(6,null)
(2,nul l )	 A: (3,nu11)	 ( 7 ,nu11)	 (8,nu11)
	(4,null)	 (5,nu11)	 (9,nu11)
Two trees whose points have integer first labels, and whose second
labels are everywhere null (or undefined).
Figure 7
TREE1:(1,nu11)
(2,nu11)	 A:(3,nu11)	 TREE2:(69nu11)
A0.10^ \
(4,null)	 (5,null)	 (7,nu11)	 (8,null)
(9,nul 1)
I ".
6r
19
Suppose a point B in a tree structure already has a precedent
point C, and the routine EDGE (A,B) is executed. Then both the
points A and C would be precedents of B, violating the basic condition.
If the second argument already has a precedent, a diagnostic warning
is printed, the existing edge is deleted ( thereby detaching the point
and its entire subtree from the existing structure); and the new edge
is created.
In abstract graph theory all descendants of a point are equivalent
V
and there is no implied orderi^,g, such as the first descendant, second
descendant, and so forth.
	 However, in our illustrations we have
arranged the descendants in a left to right ordering.
	 This is not
simply a matter of pictorial convenience.
	 In many applications,
particularly those involving string interpretation, an explicit order-
R
MR ing of the descendants is essential.
p	 ^
In Figure 8, CALL EDGE (TREE1, TREE2) made the point TREE2 the
"last" or "rightmost" descendant of TREE1.
	 This is deliberate.	 There
are actually two versions of the EDGE routine; EDGEL and EDGER.
	 EDGEL
makes the second point the
	 first	 or	 leftmost
	
descendant.
	 EDGE
and EDGER are synonyms.
	 Thus the statement
CALL EDGEL (TREE1 9
 TREE2)
z'
E applied to the two trees of Figure 7 results in the ordered tree
structure illustrated in Figure 9.
A mathematical formalism for rigorously descrbiing orderer[ descendants
in principal trees is possible, but unnecessarily cumbersome for the
purpose at hand.
91
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TREE1:( l,null)
TREE2:(6,null)	 (2,null)	 A:(3,null)
{	
i
(7,null)	 (8,null)	 (4,null)	 (5,null)
{	 (9,,nul l )
Single tree resulting from CALL EDGEL (TREEI9TREE2)
given an initial structure as in figure 7.
Figure 9
s
t
t
A
5
i
3^67fiI1^Ylc+1	 '
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Most users construct data trees corresponding to some abstract
drawing of the tree (either explicit or mental) . Very often the
ordering of descendants left to right is essential but never
explicitly indicated. The Treetran system will nevertheless m'rror
these "pictures" in all important aspects (e.g., descendants de-
livered by search routines will be in left to right order, the print
routine functions similarly, and so forth) provided only that the
trees are initially  constructed with -the proper use of EDGEL and
EDGER. If the order of descendants is irrelevant in a particular
application, then all these ordering conventions can simply be ignored.
There exists still one more way of constructing data structures
involving trees. The value of a particular label at a point may itself
be a tree structure. For example the statement
CALL ALTER (A, 2, TREE2)
makes TREE2 the value of the second label at the point A of TREE11.
Such a structure might graphically be illustrated by Figure 10. Such
structures are completely analogous to list structures in which a
single element of a list may itself be a list. And analogously, one
encounters both the advantages and problems that are present in list
languages. For example one can construct recursive structures of this
type.
i 4}
w
t
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TREE1:(l, null )
,4el(2,null)	 A:(3,TREE2)
(4,null)	 (5,null)
-(5,nu11)
(7,nul1	 (8,nu11)
(9,nul1)
Structure resulting from CALL ALTER (A02,TREE2)
given an initial structure as in figure 7. The
second label (which is of type 'TREE') is non-null
only at the point with alias "A".
Figure 10
The use of trees as labels should be undertaken using common
sense and careful attention. Section 5 gives further illustrations
of this concept, and in that section we discuss some of the atten-
dant problems and necessary precautions.
Finally there exists a function
COPY (alias)
which creates a new tree which is an exact copy of the subtree whose
0e	 }
23
4.3 Modification and Erasure of Trees
Tree structures are built up by attaching points (and
consequently subtrees) to other points by means of the EDGE
routine. In order to modify tree structures we need only
include the capability of deleting edges. The routine
DETACH (alias)
erases the edge to the point alias from its unique precedent
point, thereby detaching the subtree with principle point
alias from any structure it may have been attached to. If
alias has no precedent point, DETACH does nothing.
Consider, for example, Figure 8. The statement CALL
DETACH( A) would yield the two disconnected tree structures
illustrated in figure 11. A following call to EDGE (TR'EE2,
A) would yield the reconnected structure illustrated in
Figure 12,
TREE1:(l,nulI	 A:(3,nul1)
(2,nul l )	 TREE2: (6,inrul l )	 (4,nul l )	 (5,nul1)
(7,null)	 (8,null)
^s
r
TREE1: 0 ,nul l )
(2,null)	 TREE2:(6,null)
Mnul l )	 (8,nul l )	 A: (3,nul l )
(9,nu11)	 (4,null)	 (5,null)
Obtained from the trees of fi ure 11 by calling
the subroutine EDGE (TREf2,A
Figure 12
An entire tree may be erased by the statement
CALL ERASE (alias)
24
r
All points in the tree alias are returned to a storage pool
B
for reuse. All labels are destroyed, tree structures which
serve as labels are themselves erased unless they are still
valid labels of some other point. To erase a subtree of a
tree (often called pruning the tree) we must first detach
the subtrae and then erase il i,. For example if A is the -alias
k+
M
r^
m,
t3
rl`* _^ ,^^
0_1^^",
4.4 Establishing Aliases by Search Routines
A standard interpretation of the tree structures of Treetran
is that they represent the user's data structure. The labels
associated with each point then ro ,e naturally assumed to be
individual pieces of data that have been associated with that
point of the structure. The tree itself represents relationships
between these pieces of data.
Consequently, an important question becomes "How does one
locate related points within the structures and retrieve their
associated labels (or data)?" If the alias of a given point is
known, then on associated label is retrieyed by the function
LABEL (alias, k) where alias denotes the alias of the given point,
and k indicates that the value of k th label is to be delivered as
function value. A second entry to this function, called RLABEL,
is provided for compatibility with the integer-real variable
naming conventions of FORTRAN. For example given the declaration
statement
CALL DECLAR (3, 'REAL', 'INTEGER', 'TREE') then the follow-
ing 'three statements will retrieve all the label values associated
with a point whose alias is A.
X = RLABEL (A, 1)
I	 LABEL (A, 2)
TREEA = RLABEL (A, 3)
r
X
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the user program keep ( as ordinary FORTRAN variables) aliases of
every point in all tree s tructures. This procedure is inelegant,
unwieldy, and usually impractical. Most users simply keep the
alias of only one point (usually the principal point) per tree.
Aliases of other points of the tree structures may be found as
needed by using combinations of the following search routines.
The subroutine DEPTH (alias, k, nfound, array)
searches the subtree whose principal point is alias. It locates
all points of depth k below alias and returns their names in left
to right order in array(1) through array(nfound). nfound is the
number of points found (possibly zero), at that depth below the
principal point. array is a standard 1-dimensional FORTRAN array
which must have been previously dimensioned by the user.
As an example of the use of DEPTH, suppose that we have created
a tree whose principal point has alias TREE1 but whose structure is
otherwise unknown. We assume that the labelling of points was
established by the statement.
CALL DECLAR (n, INTEGER',...).
We seek the alias of a point in TREE1 whose first label has
maximal value. The following statements would find it
9
ra
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DIMENSION ARRAY 0 00)
•
PTMAX=TREE1
MAXLAB=LABEL, ( TREE1,	 1)
A , K=1
100 CALL DEPTH (TREE1, K, NF, ARRAY)
IF(NF.LE.0) GO TO 103
IF(NF.GT .100) GO TO error
DO 101	 I=1 9 NF
IF(LABEL(ARRAY(I),1).LE.MAXLAB) GO TO 101
Y
MAXLAB=LABEL(ARRAY(I),1)
PTMAX=ARRAY(I)
101	 CONTINUE
102 K=K+l
GO TO 100
103 next statement
Repeated calls to DEPTH for k = 1 9 2 9 ... insures that every point
fi
is successively examined.	 When control is transferred to state-
Y
r
ment 103, PTMAX will be an ali as for a point of TREE1 whose first,
a
label is maximal.	 This alias can be then used in further processing.
tfik^
A separate function entry to the DEPTH routine:
NUMSON (aZias)
returns as function value the number of descendants (sons) at depth
1.	 In the standard terminology of graph theory, this value is
called the out degree of the point.	 Conversely, the number of
'Y precedents of a point is its in degree.	 Since we have restricted
the domain of Treetran to principal trees, we know that the indegree
,.+ of any point must be either 0 or 1.
A similar subroutine finds the end points of any subtree.	 Thet] E
statement
CALL ENDS (aZas, nfound, array)
'r
i2®
will find all end points in the subtree whose principal point is
identified by aliao. nfound (which is always at least one)
denotes the number that were found, and array (1),..., array
(nfound) will be the aliases of each endpoint in left to right
order. As before array must be dimensioned sufficiently large by
the user. An example illustrating the use of ENDS can be found
in Section 7. If alias is itself an endpoint, nfound = 1, and
array (1) will equal alias.
Given the alias of a particular point, the function PREC
(alias) returns as its function value the name of its precedent
T
	
point. Since we are working with trees with principal points,
any point can have at most one precedent If the point alias given
as argument has no precedent (i.e., it is the principal point of
an entire tree) then PREC returns the nullvalue.
Consequently given any point alias, repeated calls to PREC
will eventually yield the principal point of the tree to which it
belongs. In the course of executing this procedure we also get
the sequence of points (in reverse order) that constitute the unique
path from the principal point to the given point. Using this pro-
cedure of iterated calls to PREC it is easy to write routines which,,
given the alias of two points A and B. determine if there is a path
between them, or determine the principal point of the smallest sub-
tree containina both.
ei
29
dimensioned by the user) the names of all points whose k th label
is equal to value and which occur in the subtree whose principal
1
point is alias.
For example, using the tree structure of Figure 8, after
executing
CALL FIND (TREE1, 1, 5 9 NF, ARRAY)
NF will equal 1, and ARRAY(1) will be an alias of the point with
labels (5, null). If in addition we were to execute
B = PREC (ARRAY(l))
then A and B will both be aliases for the same point with labels
(3, null). After executing
CALL FIND (TREE2 9 1, 5 9 NF, ARRAY)
NF will be equal zero, since no points in the subtree TREE2 have
their first label equal to 5.
f
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4.5	 Input-Output and Display
Since Treetran is embedded in FORTRAN, a language rich in
input/output capabilities, the input of trees is left to the
user.	 Any of the standard methods of representing graphs can be
used to read in the structure.
	 Appropriate calls to CREATE and
EDGE can then be employed to construct the corresponding struc-
ture in Treetran.
By the same token output is largely left as a user respon-
sibility with the exception of a utility print routine.
	 Tree
t structures must be represented in two dimensions in order to
clearly visualize their content.
	 The PUREE routine approaches
the problem of two-dimensional representation by spacing points
at different depth below the principal point across the printed
page.	 The statement
CALL PUREE (atau)
prints the entire s ubtree of the point whose aZias is given.
} All labels at each point are printed, using formats determined
by the DECLAR statement.
	 If a label at a point is itself a
tree structure, an identifier is printed and that tree is printed
. after the original tree has been completely output.
	 Edges be-
tween points are generally drawn in by hand afterwards. Figure
13 shows a typical Treetran structu'ee ;,with tree labels indicated
by dotted lines. Figure 14 is the printout of this tree using
PRTREE.
ri
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(H,nu1 l)	 (M, t
(c ' t )
	(G,nul l )
IT: (A,nul l)	 (L,nul l )
(F,nu11)
1
(B, nail l) -T (E+null)	 (K,null)
1
I
(C ' 1	 (,null)
I	 I
1	 1 0 null)
I
1	 I (P,nul1)	 (R,nul l )I ^ ^
(N,null)
	
^(Q,null)i
(0,nu11)
It ^^,.^. (Y nu l 1)
(V,null)
(X,null)
(W, t )
ii
(U.nul l )
(S,nu11)'^
(T,nul l
1
W(R,null
^,(P,nulI)
(N,nul1	 \
(Q,nu1l)
(0 null)
The tree "T" has points with declared format ('ALPHA`,'TREE').
Three of its points actually have tree labels. And one of
these label trees itself has a tree label.	 (Note that in
32
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i4ULL )
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THLL # 1)
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NULL)
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NULL)
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NULL)
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NULL)
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NULL)
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4.6 Equality and Isomorphism
The final collection of Treetran routines are concerned with
that standard programming question "are two variables equal?" In
this case it would be paraphrased as "are two tree structures the
same?"
With tree structures we have several concepts of "sameness"
or "equality". We may ask if the tree structures are completely
identical, regarding both their structures and the labels associated
with each individual point. Or we may merely ask if their structures
are in some sense "equivalent" and disregard the point labels.
Even the concept of equivalence between structures depends on
our intended usage. Consider the three trees in Figure 15. Clearly
A and B are equivalent, but is A equivalent to C? All we have done
is interchange the sequence, or order, in which the branches descend
from the principal point. Mathematicians would say that all three
trees are equivalent (isomorphic). In many computer applications
tree C must be regarded as different from A and B.
34
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We will use the following terminology. A, B, and C are all
isomorphic.	 A and B are sequence isomorphic. 	 More formally, two
trees T 1
 and T2
 are said to be isomorphic 'f there exists a 1-1
mapping ,y:	 T1 -► T2 such that if the point a is a precedent of b in
T 1
 then V(a) is a precedent of ^(b)	 in T2 . Two trees T 1 , T2 will
be called sequence isomorphic if they are isomorphic and if the
mapping ^ also preserves the sequence in which points descend from
their precedents when represented as a list structure.
Finally we will say that two trees are equal (sequence equal)
if they are isomorphic (sequence isomorphic) and if all labels at
all points are identical.
Using this set of definitions we now have two logical functionsFt"
which may be used to determine tree equivalence.
TISOM (atiasl, alias2, switch)
compares the two trees with aZiasl and aZias2 for isomorphism if
switch = 0, or for sequo ;ice isomorphism if switch	 1. It returns
.TRUE. if they are isomorphic; , FALSE. if not. In a similar manner,
TEQUAL (aZiasl, aZias2, switch)
compares the two trees for equality, or for sequence equality.
a
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5. Use of Trees as Labels
As indicated in previous sections the value of a label at a given
point of a tree structure may itself be a tree. By permitting this type
of label, Treetran is capable of representing the same general dependency
relationships that may be constructed using the "sublist" features of
most list processing languages. By the same token the same problems are
confronted by the system.
In particular, a given tree may serve as the label of several diff-
erent points in the same or different tree structures. Consequei^ !:ly,
the dependency structure is no longer tree-like. Furthermore, it is easy
to constwtct recursive situations in which a point A in TREEi has TREE2
as its label, and a point B in TREE2 in turn has TREE1 as its label.
Figure 16 illustrates a typical messy situation. Judicious use of the
COPY function can avoid all of these "awkward" structures - but only by
increasing the storage requirements  of the system.
The general philosophy followed by the Treetran system is that the
labels associated with any point of a tree structure probably represent
-data in the users program, and as such should be manipulated solely by
the user himself. Consequently, no Treetran routine will alter a label
value except as a direct command from the users program. Similarly,
only minimal consistency checking concerning label values is performed.
It is persumed that all labels contain information that is meaningful to
the user, and that only he can evaluate their significance.
ail
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3p TREE1:(l,null)	 TREE3:(10,null)
WOOOO
(2,nuil)	 A:(3,TREE2)	 (11,TREE2)	 (12,null)	 (13,TREE2)
(4,null)	 (5,null)	 dMOP -
',
TREE2:(6,nuil)
 B:(7, EE1)	 (8,nui 1)
9 nu11
A recursive structure involving three distinct trees.
TREE2 serves as a label for three distinct points in
NIP the trees TREEI and TREE3. If this were all it would
be a simple case of several points whose labels have
the same value which is perfectly normal in Treetran.
P1	
In this case, however, TREE1 is also a label of the
point with alias "B" in TREE2 yielding a recursive
structure.
Figure 16
rr
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So long as the labels are ordinary FORTRAN variables the preceding policy k
is both unambiguous and unavoidable. However, when the labels are trees
thus back within the Treetran system) some compromise(	 Y	 ) 	 must be made.p
Some problems are handled automatically by the Treetran system, while
others remain the responsibility of the paer.
The most important user responsibility concerns the deletion of trees
that have been used as labels. Suppose that TREE2 is the k th label of a
point A in some tree structure and suppose the user wants to delete that
I 	
label. The simple command CALL ERASE (TREE2) would leave that label
referring to a non-existant tree, since Treetran itself never'alters label
values. The correct sequence to delete a tree label is:
ALTER (alias, k, newtree )
oZdtree
ALTER (alias, k, nullvaZue)
CALL ERASE (oZdtree)
or simply
CALL ERASE (ALTER(aZias, k, nullvaZue) )
The internal checks for consistency which Treetran performs, regard-
ing tree valued labels, are enumerated below:
(1) When a value is assigned to a label of type tree; the value is
examined to insure that it is in fact the name of a tree.
O Any time an alias is provided as a subroutine (e.g. 	 the value
of a tree label), it is examined to insure that it is in fact
an alias.
	
s
rr
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ERASE has been executed.
While the purpose of this section is to point out limitations and
caution the user; the ability to assign tree-valued labels is an extremely
powerful feature of Treetran. All that is required for their effective
use is a reasonable amount of care on the part of the programmer.
A,
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6. Summary of Treetran Routines
ALTER (point, i, newvalue)
changes the i th label of the point to the newvalue. The old
label value is delivered as function value.
IALTER is an alternate entry.
COPY	 (tree),
makes an exact copy (including labels) of the tree whose alias
is given and delivers the name of the new copy as function value.
CREATE (vatue l ,..., vaZuen)
creates a tree point whose n labels have the specified values.
It delivers the name of the point as its function value.
DECLAR (n, type, ,..., types)
is a subroutine used to initialize the Treetran system, by declar-
ing the number n of labels associated with any point, and their
respective types. Labels may be of type; 'INTEGER', 'REAL',
'ALPHA', 'LOGICAL', 'TREE', or 'OCTAL'.
DEPTH (point, k, nfound, array)
returns in the user dimensioned array the names of all points
of depth k below the specified point. These names are arranged
in array in left to right order.
DETACH (point)
disconnects (or detaches) the point from its precedent (11f any) .
r
0
41
EDGE	 (point,, point2)
creates a directed; edge from point, (the precedent) to point2
(the descendant). If point  already has a precedent it is
first detached before creating the specified edge. If called
as a function it returns the argument point, as functional
value. Both EDGE and the alternate entry EDGER make point 2
the "right-most" descendant of point,. The alternate entry
EDGEL makes it the left-most descendant.
ENDS (point, nfound, array)
returns in the user dimensioned array the names of all end-
points below the specified point in a left to right order. If
the point itself  i s an endpoint, its name will be returned in
array(1).
ERASE (tree)
erases (returns to free storage) the entire tree whose alias
is given. To erase subtrees, the subtree must first be de-
tached. To erase label trees, the label must first be
removed. {FIND ( tree, va Zue, i, n found, array)
examines the entire tree (or subtree) for points whose ith
label has the specified value. Those satisfying the condition
are returned in the user dimensioned array.
t
TEQUAL (tree,,, trees, switch)
r
6
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LABEL (point, i)
delivers as function value, the value of the i th label of
the specified point. RLABEL is an alternate entry.
NUMSON (point)
delivers as function value the number of immediate descen-
dants of the specified point (i.e., its out degree).
PREC	 (paint)
delivers as function value the name of the precedent of
the specified point. If the point has no precedent, it
returns the nullvalue.
PRTREE (tree)
is a subroutine which prints out in a standard format the
entire tree (or subtree) including labels. If the labels
of type 'TREE' are recursive, it will indicate but not
follow the recursive loop.
SETUP (array, dim, n, nu Z Zva Zue )
initializes Treetran ( together with DECLAR) . The array,
which has been dimensioned by the user, is passed to Treetran
through this subroutine, and is never referenced again. The
number n of labels per.points and the nullvalue are also pro-
vi ded.
r43
7.	 Sample Treetran Problems
In this section we will discuss typical problems involving principal
trees, and various solutions using Treetran. 	 Wr have a two-fold objec-
tive in mind.
	 First, of course, we wish to provide, through actual
usage, a better feeling for application of the various Treetran rou-
tines.	 The second, and probably a more important objective, is to pro-
vide insight into those problem areas in which tree structured data can
be profitably used.
qa: We will examine four different problem areas in which techniques of
general interest can be emp loyed.	 They are{
^ 1)	 generation of natural language strings
2)	 traversal of trees
3)	 formal symbolic differentiation
1 4)	 heuristic problem solving using decision trees.
In each case we will develop some of the overall background of the pro-
blem area; specify a concrete problem example; and then work out a reason-
able solution involving trees and Treetran. 	 Complete listings of allOw
algorithms used are in Appendix A.	 It should be emphasized that all but
K
the second are open problem areas and that the sample algorithms are far
from "complete".	 Following each problem are exercises which suggest
alternative approaches and /or improvements try the given algorithm.	 This
i
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in turn a constituent of some higher levfi 1, while its constituents
W-a
can be further subdivided. The principal point of such a tree might
be labeled "sentence", while the labels of each endpc ► „± would the
the individual words and punctuation that make up the sentence. The
tree itself is called a parse tree of the sentence.
For example, a possible parse tree of the sentence "the hungry
dog eagerly ate the meat in the white dish" is illustrated  i n
Figure 17.
The sequence of words themselves that constitute the sentence
may be called a string in the language. Intuitively, a string is
just a sequence of primitive ;ymbols. The primitive ,.ymbols may be
entire words such as "the", "hungry", or "dog". Alternatively, we
might regard letters of the alphabet as the primitive symbols, or
if it is a spoken sentence we could regard phonemes to be the primi-
Live elements. In any case, the sentence is still a string.
The parse tree of the sentence is thought of as representing
the grammatical structure (or syntax) of the sentence.
6
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1
Figure 17, to decide whether individual  program statements are well
formed or not.
Computer scientists are primarily concerned with using grammars
in the analysis (parsing or accepting) of individual strings from a
language for the purposes of compilation or of translation. we, how-
ever, will examine the opposite side of the coin - string generation.
i
It is easier, and also more fun.
2,
Briefly a grammar G consists of two parts.
	 The first part is
its vocabulary V which consists of all the valid symbols (or words)
that can be encountered. V is usually subdivided i nto a terminal
vocabulary VT
 which comprises those words or symbols that actually
appear in the strings of the language (or as labels of endpoints of
parse trees); and a non-terminal VN consisting of other symbols de-
n.
noting structural units called syntactic classes (which appear as
labels at other points of the parse tree). Further, it is customary
to distinguish one symbol in VN called the initial symbol which must
	 Y	 y
always be the label of the principal point of the parse tree.
^	 .i
1 Generation of strings is an interesting problem in the design of
question-answeri ng systems.
Rr
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The second essential part of a grammar is a set of rewrite rules
(which may also be called its productions). Basically, a given
structural part ( syntactic class) of a sentence may have several alter-
native forms. For example, the "verb part" of a singular sentence
may have the form of either a "singular intransitive verb part", or a
"singular transitive verb part". The syntactic class " adjective" may
have several alternative representations, all of them terminal symbols
of the vocabulary which serve as adjectives. A rewri te
 rule specifies
a syntactic class and all possible alternative ways of representing
it by sub-components.
Generally rewrite rules are of the format.
< syntactic class > ::= tree, (	 tree 2 ( •••	 treen by which we mean,
"to any endpoint of a tree with non-terminal label <syntactic class>
may be appended any one of the alternative trees to the right of they
a.
rewrite symbol
J
1
{I
0J.
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Let us now consider a sample grammar G for a fragment of English.
Since this grammar has 121 symbols in its vocabulary, and 32 rewrite
rules we will only indicate its structure. The complete grammar will
be found in Appendix A.
G has a non-terminal vocabulary VN = {<sentence>, <adjective
.
following singular noun>, <adjective modifier>,...,<singular verb
1
part>, <transitive verb past>, <verb participle>}.
	 It has a terminal
vocabulary which looks like, VT = {BLACK, FAT, LEAN, HUNGRY, FAST,
WHITE, SLOW,..., EATING, SITTING, RUNNING, FLYING}.
A sample of the rewrite rules for this grammar is:
<adjective> ::= BLACK ( FAT ( LEAN ( ... ( BIG
<conjunction of adjectives>
<adjective modifier> ::_ <adjective> 1
<adjectiv > <conjunction><adjective>
<.singular subject>
<declarative sentence> ::=	 ,^.-^	 ,^
<sing.subj.part><sing.verb part> •
<sentence> :: _ <declarat-i ve sentence>
<si ng. verb part>	 .,0 P► y. trans. verb> ( <si ng. i ntrans. verb>
f
r
1
1
>	 a
1
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The alternative right hand sides of each of these rules is a tree,
although in many cases they are singleton trees on a single point
whose label is indicated.
In a typical derivation we would begin by creating a parse
tree with a principal point whose label is <sentence>, the initial
symbol. To this we could add, choosing the first alternative of
the fourth rewrite rule, <declarative sentence> yielding the partial
parse tree.
1
<sentence>
<declarative sentence>
<sentence>
<declarative sentence>
<singular subject>
<sing.subj part><sing.verb part>
Since this point is an endpoint with a non-terminal label we
can again apply a rewrite rule, the third one, to get
1
r50
<sentence>
<declarative sentence>
<singular subject>
<sing.subj.part><sing.verb part>
<sing.intransitive verb>
And so forth, until the label of every endpoint is a terminal
symbol so that no more rewriting is possible. Fi.gure 18 illustrates
a sample sentence, together with its parse tree, that was generated
using this grammar and the program given in Appendix A.
The generating algorithm itself 'is trivial. Initialize by
creating a tree consisting of a single point whose label is the
initial symbol. Then iteratively,  find all endpoints of the parse
tree and examine each label. If the label is non-terminal, that is
it appears on the left side of a rewrite rule, then generate a ran-
dom number to pick one of the alternative right hand trees. Copy the
chosen tree and attach it to the endpoint. If any of the endpoints
had non-terminal labels iterate the preceding step, otherwise, print
51
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Before leaving this example of an application of Treetran, two
observations should be made. First, while the sentences generated
are well-formed grammatical English sentences, that is syntactically
correct, they are semantically "meaningless". In fact, the particular
words, phrases, and structure used were all chosen by a random number
generator which thereby determined the content of the sentence. The
generation of syntactically correct sentences "about something" is
an extremely deep problem, and it is not clear that the phrase
structure tree concept will serve as a useful model. Secondly, neither
FORTRAN nor Treetran are really well designed for problems involving
symbol manipulation or string matching. Readers interested in this
problem area should look at program languages, such as SNOBOL 141,
which are expressly designed for string manipulation. However, symbol
manipulating languages usually lack the capability of easily working
with trees, the value of which will be developed in the exercises.
Serious students of linguistic analysis should probably develop amalgam
of the best features of both structure and symbol manipulating languages.
Exercises:
7.1.1 Develop the syntax of a small portion of Algol 60 [ 8]
(including at least arithmetic replacement statements) and
generate syntactically correct portions of Algol code. Note
that one can either include a number of specific identifiers
in VT , -or else decompose <identifier> into its constituent
I.
OF
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is slight. A well-formed Algol program has the
characteristic that every identifier appearing 'in the
body of a block must have first appeared in a block
heading either as a declaration, or a specification
(if a procedure). Such a syntactic constraint is not
expressible using phrase structure formalism. One
could however modify the generation algorithm so that
the non-terminal <i dents fier> may be rewritten only
if all endpoints below points labeled <blockhead> and
<procedure heading> have terminal labels, in which case
these labels (actually a subset of them) modify the
permissible terminal vacabulary. Similarly, one could
restrict rewriting <i denti fi er> in desi gnats onal ex-
pressions until all endpoints below points labeled
<label> (in that block) are terminal, and then use only
these identifiers.
The modifications above, take advantage of the
ability to search through the parse tree in order to
generate nearly "well-formed" Algol programs. The
resulting code should be almost free of compiler errors.
Of course, they will not in general be executable since
i
t
core of the sentence, called its (ieF p structure. Then
syntactic niceities such as, agreement between components
in terms of gender, number, and person; clause and phrase
construction; conjunction and disjunction are fixed up as
a result of examining the t?e-like deep structure and
transforming appropriate subtrees. Such grammars are
called transformati:,_:11 grammars and may be modeled using
Treetran. A simple first cut at transformational concepts
would be to extend the grammar of Appendix A to generate
sentences with ... if ... then ...	 and ... either ...
or ..." components. These are said to be discontinuous
constituents and are at best awkwardly handled by a pure
phrase structure grammar.
7.2 Traversing Trees
Any procedure which enumerates every point of a tree, once and
only once is called a traversal of the tree.	 Three different tra-
versals of particular interest are defined recursively below. Preorder
traversal - visit principal point, the traverse subtrees in left to
I
right order. Symmetric traversaZ - traverse left subtree, visit
principal point, then traverse right subtree. Notice that this tra-
versal is only defined on principal trees in which each tree '+ids at
r
most two descendants, called binary trees. Postorder traversal -
	
-4
traverse subtrees in left to right order and then visit the principal	 P.
r
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Given the tree in Figure 2, the preorder, and postorder tra-
versals are respectively:
f
a b d e f i jkopcgl"mhn
d e i J o p k i b I m h n h c a
The symmetric traversal is undefined on the tree of Figure 2 because
thep oints b and f both have 3 descendants.
Consider the tree of Figure 19 which may be regarded as a parse
of the arithmetic replacement statement
W :
 
= (
x+y ) ''°'' (y -(x+2))/z.
The preorder, symmetric, and postorder traversals of this tree are
respectively:
1) :=w*+xy/-ytx2z
2) w := x + y * y - x T 2/ z
3) wxy+yx2t z
String 1) is the representation of the expression in prefix notation
(or forward Po Zisha or forward parenthes 4's free notation) String
2) is the expression rendered back into standard infix notation but
without the parentheses, and string 3) is a representation of the
expression in suffix  notation (or rev-7 . 4- "oti ski, or reverse paren-
thesas free notation) .
Many compilers handle arithmetic replacement statements by first
I
creating the parse tree of the exprt--ssi on which in effect tests the
expressi n,	 syntactic well- ormedness. It is them easy to generate
EI ,	 .0
(W)
(/.)
(Y)	 (Z)
(Y)	 N
O	 (2)
'free corresponding to the arithmetic
replacement statement
W ,- = (X+Y) * ry - (x t2)) / z
Figure 19
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that each operand has been evaluated before encountering the
corresponding operator. 	 We shall make further use of the post-
a order traversal in Section 7.3 when we symbolically differentiate
arithmetic expressions.
As illustrated by the preceding examples, a traversal is
actually a total (or linear) ordering of the points of the tree in
F which each point has a unique "next left" and "next right" neighbor
(with respect to the ordering). 	 If we add to the tree explicit
pointers (or links) which indicate for each point its "next left"
and/or "next right" neighbor in ter. traversal, we say the tree is
4r 1
1threaded	 with respect to the t,­, iersal .	 If only one pointer is
used to indicate either the "next left" or "next right" point; we
say the tree is left threaded or right Threaded respectively.
Figure 24 illustrates the tree of Figure 2, left threaded with
4
respect to the preorder traversal.
	
Figure 21 illustrates the tree
of Figure 19 right threaded wit; 	 respect 'to a postorder traversal.
In both figures, the thread pointers or links are represented by
dashed lines.
We now develop a subroutine, which given a tree (or subtree)
right threads the tree with respect to the postorder traversal. We
assume that in the initializing DECLAR routine the i-th label of
every point was declared to be of type 'OCTAL.. The value of this
"	 ulabel will be set to the name of the next right point. Although the
mr
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The tree of figure 2, left threaded with respect to
the preorder traversal
abdefijkopcg1mhn
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Tree of figure 19 right threaded with respect
to the postorder traversal
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Figure 21
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i-th label is now the alias of a point, it is being used as a
thread link and not as a tree label in the usual sense. The type
'OCTAL' declaration asserts in effect that the label is a variable
of a non-standard form and should be treated accordingly.
The threading a l gori tam is given below.
1. Initialize: Set p -(- principal point of the tree. Initialize
an empty push down stack.
2. Find left-most endpoint: Find the left-most endpoint of sub-
tree under p. Call it p*. It may be immediately threaded.
(Recall that ENDS returns the aliases in a left to right order).
3. Thread point p*. If p* = principal point, terminate algorithm.
4. Find, precedent: Set prec <- precedent (p*) . If prec is the top
name on the pushdown stack go to Step 6.
5. The left-most descendant of prec has lust been traversed; can
we thread prec itself? If prec has only one descendant set p* ^-
prec and go to Step 3, otherwise push the name of prec down on
a stack together with the number of descendants threaded so far
(always one). Set p + next descendant, go to Step 2.
6. The point prec is the top name on the push down stack, hence, at
least two of its descendants have been traversed: Increment the
" Y	 number of descendants threaded so far. Have all of its descen-
dants been threaded'? If not set p f next descendant and go to
Step 2.
r
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A FORTRAN program which implements the preceding algorithm to
right thread a tree with respect to the postorder traversal is given
in Appendix A. We pass as arguments to the routine the alias of
the tree (or subtree) to be threaded, together with i specifying
which 'OCTAL' type label is to contain the thread pointers. The
routine returns the aliases of the first and last points of the tra-
versal.
Exercises:
7.2.1 Make the necessary simple modifications to the program
of Appendix A. so that it will right thread binary trees
with respect to the symmetric traversal.
7.2.2 Write a preorder traversal algorithm.
7.2.3 Design a preorder traversal algorithm for binary trees
which does not require a pushdown stack.
7.2.4 We could define a revere preorder traversal by: visit the
principal point, and then traverse subtrees in their
right to left order. The reverse of the other traversals
can be analogously defined. It is easy to see that the
sequence generated by a reverse preorder traversal is
exactly the same as that generated by a postorder tra-
versal, but in opposite order. Further, a tree which
a
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7.3 Formal Symbolic Differentiation
In this section we consider an application of Trietran to the
problem of differentiating arithmetic expressions in a single
variable, x. For the most part, the differential calculus can be
approached as a simple exercise in formal symbol manipulation, with
little  or no understanding of the underlying mathematical limit
concepts. And as many instructors and students in freshman cal-
culus will attest, this is often the case!
A few of the rules for calculating simple derivatives are:
d(a)	 =	 0 if a is a constant
d(x)	 -	 1
d(-u) =	 -d(u)
d(u±v) =	 d(u)±d(v)
d(u*v) =	 u*d(v) + v * d(u)
d(u/v) =	 (v * d(u) - u * d(v)) /v2
4esides the obvious formal symbolic aspect of these rules, notice
that the last four are defined recursively.
Suppose now that an expression in x is represented as a binary
tree as in Figure 22. We will assume a label structure on the tree
of the form ('ALPHA', ' REAL' , OCTAL') where the first label is the
symbol associated at the point. The use of the other two labels will
become apparent later. Note that the endpoints of such a tree mast
correspond to either the variable x itself, or else to a constant;
4
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where u, v are
expressions in x.
,x
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(2.09 9 )
Tree representing the arithmetic expression
-(x + 2.0) / (3.0 * x)
Figure 22
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Let us now define an operator D, which has as its domain the
labelled points of a binary tree and where the labels must belong
to the set {0, 1, A, X. NEG. +, -, *, /
}.I 
This operator is most
easily described graphically, by illustrating the point or subtree
it operates on and the corresponding point or tree it creates.
D[(09 a )^
D[(10 9	 (0t 9 )
D[( A > > )^
D[(X! f)^	 'O-^'	 (19 0 )
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(NEG, 9 )
	 (-	 )D	 y
DESCND	 D[DESOD]
(+,	 )
DES'CND1 DESCND2 	
D[DESCNDI] D[DESCNDI]
LDESCND1  DESCND2
DESCNDI D[DESCND2] DESCND2 D[DESCND11
UP 9
DEWND1 DESCND2
( , , ) ( ,	 ) DE,5CND2 DESCND2
DESCND2 D[DEO,,CND1 ] DESCNDI D[DESCND2]
It is a useful p ractce.to abstractl y regard the labels of a labelled
graph as functions ai > P-4 which map the points P of the graph into
some set V; rather than to consider them as "individual pieces of
data". The range of the label function, or set V. is then called the
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These rules should be interpreted to mean that the operator D
at any point whose labelling and descendant structure is given on the
left side, will create the tree structure shown to the right. Clearly
the tree operator D corresponds to derivative operator in that it de-
fines a new tree which is the tree of the derivative of the original
expression. Unfortunately it, too, is recursively defined and can not
be applied to a point unless we have first constructed the D-transform
of all the descendants of the point.
This suggests that the D operator should be applied to the points
of the tree according to the sequence of a postorder traversal. This
will insure that descendants are transformed before their precedents.
In Appendix A we give a tree subroutine DERIVE which uses the postorder
threading algorithm developed in the preceding section. The basic
algorithm  i s given below.
1. Right thread the expression tree with respect to the postorder
traversal, using the third label as the thread link.
2. Go to the next point p in the postorder sequence. Save the
name of the following point, found in labels (p). Label 3 at
point p will now be used for a different purpose.
3. Apply the D- transformation to point p; that is, create a new
tree corresponding to the right side c-49 the D-transformation.
Make 1 abet 3 an alias of this new tree. (Thus l abel 3 is now
made to point to the derivative tree of the subexpression whose
Wi
i
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principal point is p.) If the newly created tree involves
Dr,,.5cND1 or DErcNim, create a copy of the descendant subtree
and attach the copy where needed. If the new tree requires
D[D1-;4 t.`ND21, use labe1 3 of the appropriate descendant to find
this derivative tree. Go to 2.
Figure 23 may help clarify this algorithm. It represents an
intermediate point as the D transformation is operating on the tree
of Figure 22. The dotted lines  represent former	 thread links,  the
dashed lines indicate pointers to existing D transformations of sub-
expressions. The algorithm is just ready to go to Step 2 and begin
operating on the last point (/,
	 ). Notice that the second label of
type 'REAL' is still unused.
In order to test the validity of the DERIVE proceuure, we must
develop and run an entire system of programs. This will illustrate
several of theroblems which arise in designingigning systems which perform
formal algebraic manipulation. See for example [ 1]. Throughout we
are going to follow an extremely naive approach.
The first problem is to devise a routine which will read a standard
arithmetic expression in x and create its expression tree. The routine
must recognize whether each input symbol is the variable x; art of a
	 	
constant (in which case the entire string of characters which con-
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a stack of operands. Similarly operators are pushed down on a stack
of operators unless the new operator symbol has lower precedence than
the top operator in the stack. In this situation, a larger sub-
expression can be created consisting of the top operator in the stack
together with its two operands (which must be the top two trees of
the operand stack). The name of the new larger subexpression tree can
be pushed down on the operator stack and the procedure continues.
In effect we have constructed a parsing algorithm for a baby
compiler. For simplicity only the barest minimum of features have
been included. By considering expressions in a single variable we have
even avoided the need for a symbol table! Figure 24 illustrates the
flowchart for the prucedure, called INPUT, its code can be found in
Appendix A.
A final component required in any system performing symbolic
algebraic operations, is a routine to evaluate expressions, given a
particular value for the independent variables. The routine EVALUE,
shown the appendix is an example. The only requirement is that sub-
expressions must be evaluated first and we again use the postorder
68
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traversal to insure this. The calculated value of any subexpression is
stored as the second label at the point, which was introduced for
just this purpose.
Figure 25 shows a test program together with some sample input
	 i
and the resultant output.
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stack
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unary
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Yes
No
SYMBOL
"delimiter
rec(SYMBOL) No
<prec (tope—
a
f
es
Yes
Poptop of
Operatur
stack
GIs
is symbo
KNo
i
a	 ^ s	 r
69
Flow Chart of INPUT Algorithm to Convert Infix Arithmetic
Strings into Trees
No	 Yes
operator, ,.., Yes
	 No
	,parenthesis, o	 '('
de1imite
N0
	
Create a
'X'	
Yes	
point with
X'
No
SYMBOL is
assumin d to
be the first
digit of a
real const.
Continue
scanning
str" ng 'to
develop
enti re
constant
Create a
i
r
point with Create a
ai4- 1 A I point with
X 2^-v
t
a
I
 ue a l _operator
._._ symbol
Push down Create
Push down new subtree
on Operand
subtree by
popping 2
name of
stack.:.. (1 if unary)
poi nt on trees off
Operand Operand
stack
stack 'and
attach as -
subtrees
Figure 24
IDIMENSION!	 SPACEISOO)
COMMON / NULSYM / NULL
C
C
C	 INITIALIZE	 TREETRAN
C
NULLa7
CALL	 DECLAR	 (30 ALPHA • 1 0 REA09 9 OCTALO)
CAL„l
	
SETUP	 (SF4CE9S00p3oNULL)
C
C	 READ	 IN	 TIE	 EXPRESSION	 Y • F(X) $	DIFFE:RENTIATEt	 EVALUATE
C
lUl	 CALL	 INPUT	 (Y)
CALL	 PRTkEE	 (Y)
DY&DERIVE(Y)
CALL
	
PRTRLE;	 (DY)
C
Dn	 IU2
	 I=1pI0
XwFLOAT(I)/Ic)oo
YVAL•EVALUEIYgX)
DYVAL=EVALVE(DY99)
WRITE	 169901)	 XPYVALPDYVAL
6ul	 FORMAT
	 (SX93FlOa6)
lU2	 CONTINUE
CALL	 ERASE	 (Y)
CALL
	
ERASE	 (DY)
60 TO	 101
C RI t1
6
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WFOROIS	 MAIN
C	 THIS ROUTINI
C	 INPUT
C
C	 DERIVE
C	 EVALOE-
C
TESTS THE TREETRAN ROUTINES
READ IN AN ARITHMETIC EXPRESSION IN X AND CONVERT
To TREE FORMA
DIFFERENTIATE: AN EXPRESSION IN X WITH RESPECT TO X.
EVALUATE AN EXPRESSION IN X FOR A SPECIFIED VALUE; OF X
i',i
i
t "f
0
Arl
D
e
f
PRINCIPAL POINT OF TREE
1•
NULL
NULLI
10
NULL
NULLI
IA
4.000000+00
NULL)
Ix
NULL
NULL)
c•
NULL
NULLI
IA
2•OOOOU0+00
NULL)
IX
NULL
NULL)
1 ^i
Expression tree generated by INPUT from an
7nnn+ c+ri nn 	 1
Y
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072
PRI NCIPAL	 POINT	 OF TREE
Tree corresponding to the
NULL derivative of the tree of
NULL 1 figure 25-2.
The two endpoints with labels
A and X were directly copied
from the original expression
NULL tree;	 their third labels,
NULL) while non-null, are never-the-
less, meaningless.
d
NULL
NULL)
IA
40000000000
0467250467251
1.000000+00
N
NULL 1
NULL
NULL) .
(X
NULL
046713046713)
10
0.000000
NULL)
I+
NULL
NULL)
Y
(0
0.0000n0
NULL)
1	 ^'
1.0<00000+00
NULL.)
Figure 25-3
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•IUUUUO 2.5UOOUO 5*000000
0200000 3.000000 5.000000
#300000 3.500000 5.000000
9400000 4.000000 5.000000
OSOOOOO 40500000 5.OUOOOU
0600000 5*000000 5.000000
0700000 5.500000 5.000000
0800000 6.000000 50000000
0900000 6.500000 5.000000
1.OUODUO 70000000 S•UOOU00
G/
Sample output from EVALUE applied to the
expression tree of
4.0 * X + (2.0 + X)
for values of X = .1 9
 .2 9
 ... , 1.0
Note that the derivative is a constant
since the input expression could have
been simplified to
5.0 * X + 2.0
"k
Figure 25-4
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Exercises:
7.3.1 Modify INPUT, DERIVE, and EVALUE to handle exponentiation,
logs, and trignometric functions.
7.3.2 The output of DERIVE is quite horrendous, since it contains
many subexpressions of the form 1 * expression, 0 * ex-
pression, 0 + expression. Write a routine SIMPLE to sim-
plify these most blatant redundancies. The simplification
of expanded algebraic expressions by factoring out common
subexpressions, and combining sums, or products where
possible is one of the thornier problems in designing sym-
bolic algebra systems. The reader is encouraged ^o try his
hand at the problem of recognizing where an expression can
be reduced by application of, say the di s tri buti vi ty law,
or of commutativity. In theory, the routines TISOM or
TEQUAL (with a slight modification) could be used here, but
in practice they are probably too slow.
7.3.3 Create a system to input, differentiate, and evaluate ex-
pressions in several variables. Implement the chain rule.
This system must use a symbol table, together with a far
more sophisticated approach to the handling of expression
names.
0
t
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7.4 Heuristic_ Problem Solving and Decision Trees
In problem solving, whether we use the computer in producing
the solution or not, we often come to a situation where a decision
must be made, but where because of circumstances, complete criteria
for making the decision is not ,yet available. Typically the de-
cision involves choosing one of several paths (or processes) that
may lead to a solution of the problem.
The classic example of such a decision making prooss arises
in game playing  situations such as chess, checkers, or tic-tac-toe,
where "winning" is the desired solution. At any stage of the game,
a player must-make the decision on his next move, given a set of
alternative moves. Clearly the decision making criterion is --
make the move which leads to a winning sequence. But what is a
winning sequence is usually far from evident. Consequently we try
to explore all possible alternatives; follow the implications of
each possible choice to its logical conclusion; and base the de-
cision on the resulting outcomes. In effect we construct a de-
cision tree. As a simple example, in Figure 26 we consider a de-
cision tree for tic-tac-toe game in which the first player x is
faced with the board in the state represented by the principal point
and three possible alternative moves. The label of each point in
this tree is a particular configuration of the game board, Each path
from the principal point to an endpoint represents a solution (or
X-options
i
X-options 1
ail
(1
I
P
1
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76	 X
X 0 0	 Initial state at time
0 X	 of decision
Xpl^	
xOX	 XOX
X 	 0	 X X
	
0X X	 X X	 0 X1	 X0
x OX	 OOX	 XOR	 OOX	 XOX	 XOX
XOX	 OOX	 XOX	 OOX	 XOX	 XOX
Figure 26
In this case it is readily apparent that the first alternative
is the correct one. Construction of a decision tree which represents
aU possible consequences of each alternative, as in the preceding
example, must yield the optimal decision (i f one exists). But such a
eompUte decision tree is practical only in very limited situations.
Gi ven the initial  state where the first player of tic-tac-toe has nine
possible choices,, a complete decision tree as illustrated in the pre-
1
vious example would involve over 79,000 points.	 And, tic-tac-toe is
a simple game. A complete decision tree for a complex game such as
chess is combinatori al ly impossibl e.
it
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Thus some alternate .;trategy, besides that of complete knowledge,
must usually be adopted in decision making processes. One strategy
is to quickly examine all the possible alternatives, and then follow
the one or two "most promising" to their logical conclusions. Another
strategy would be to follow all alternatives to a depth of a few steps
and then pick the path which seems to be "most advantageous" at this
point. Most game playing programs, use one or both of these strategies,
and it seems likely that this is the way most humans approach complex
decision making problems.
The catch, of course, lies in the terms "mos'; promising" and
"most advantageous". What is meant by these terms? In order to employ
either of these strategies we require an easily ' computable function
which assigns a measure (or figure of merit) to alternative paths so
1
that we may compare them.
	 Since these figure of merit functions are
computed with incomplete data, we implicitly assume that they may be
incorrect and that the best alternative may not always receive the
highest weight, but we also assume that in most cases the function in-
2
di cates the best alternative. Such a function is called a heuristic.
Heuristic programming can be contrasted with algorithmic programming
in that an algorithm is guaranteed to generate a solution, while a
heurism is only likely to succeed.
F
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Programmers typically resort to heuristic methods only in very
complex problems where either 1) there is no known algorithmic
solution or 2) even though an al gnri thrni c solution exists it would
require excessive execution time, or storage requirements, or both.
a
Consequently it is difficult to exhibit text book examples which
clearly require heuristic methods, yet are simple enough to explain
and program. In particular, we can not reasonably develop any of
interesting two person game situations. Instead we will develop a
very different kind of problem wh ch also employs decision trees.
It is algorithmic in the sense that a solution is guaranteed, it is
heuristic in the sense that for computation efficiency we look for
short cuts in the algorithmic procedure which almost always pay off --
but sometimes fail.
Consider the undirected graph G of Figure 1 consisting of 26 points
with edges between	 m T	 'd	 concrete flavor	 w i ll let each	   the	 o provide a  a	   we	 i	 	
correspond to a country of Europe, with edges 4o- responding to common
borders (or geographical adjacency). The problem is: given two
arbitrary points (countries), is there a walk, or sequence of edges,
M
from one to the other (i.e., can we travel via are overland route from
one to the	 aother) ? If so exhibit the walk, or route. I ,	 i
1
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A walk can be recursively defined by: there exists a walk
between two points i , J of an undirected graph 'if
1) i is adjacent to j
2) there exists a walk between k and j where k is adjacent
'to i .
Let us assume that given any particular point in the graph, the
only readily accessible information concerns adjacent points. Also
let us assume two arbitrary points are given, say point 1 and point
26 corresponding to Portugal and Norway respectively. Since 1 and
26 are not adjacent, if there exists a walk between them, it must
pass through a point adjacent to 1. Only point 2 is adjacent to 1,
so we may recursively reduce the problem to -- is there a walk from
point 2 to 26? So we begin building a tree, T, whose principle
point has label 1, in which each point in T has n descendants corres-
(i)
y(z)
r
6
Since neither of these points are adjacent to the target point,
we may add to the decision tree
60
(t)	 T3 i
Now, -if our target point had been point 11 (corresponding to
Italy) instead of 26, we would be done, and the desired walk is
precisely the corresponding path from the principal point to the
endpoint (i.e., (1), (2), (3), (11)) in the decision tree T. Un-
fortunately this is not the case in our particular example, so we
must add, as descendants to each endpoint, new points corresponding
to adjacent points in G. Before doing so however, we note that the
left side of the tree i s ' begi nni ng to repeat itself. This left
hand path corresponds to a walk from point 1 to 2, back to 1, and
back again to 2. This is definitely a walk by our recursive de-
finition, but such "drunken" walks do not appear to aid us in the solu-
tion of the problem. Consequently let us modify our decision algo-
rithm to; " if no endpoint is the target point, add as descendants
to each endpoi nt, poi nts with labels . corresponding,
 to each adj acent
point 'in GG provided
 the new adjacent point nowhere appears as a
label in the unique path back to the pri ncipal (initial) op int'
If this procedure is followed for adding now alternatives to
1
1
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(6) (7) (8) (4) (8)
(2)
(3)
i
8)
(4) (6) (9) (10) (19) (20) (21)
(to)	 (tt)
(8) (11) (19) (10) (12) (19)
This tree structure indicates that eleven different points of G are
accessible by non-repeating-walks of four steps from the initial
point 1. Since the target point (the solution of this decision pro-
cedure) is not one of these we must iterate the procedure again.
It is intuitively obvious (and it can be rigorously shown i)
.'	 that repeated application of procedure will yield the desired walk,
in fact, it must yield the walk with fewest steps. It is also in
s1
i
z,	 J.
Two basic facts are illustrated by this algorithmic approach.
One, decision trees in which several alternatives are present at
each stage tend to propagate exponentially. Two, decision trees
involving even a short chain of logical inferences are a collosal
waste of machine storage.
A heuristic approach is clearly in order. In trying to esta-
blish a walk from point 1 (Portugal) to point 26 (Norway), some of
the adjacent alternatives such as point 11 (Italy) clearly fail to
help the procedure. Wouldn't it be sensible to only follow those
alternatives (add descendants to the tree) which appear to bring
us "closer" to the desired goal. In this particular situation a
heuristic measure of "closeness" or "best" is fairly easy to esta-
blish. With each point (country) of the graph G we will associate
a spatial location which will simply be the latitude and longitude
coordinates of its capital. We can now change our decision pro-
82
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Since the "best" alternative at Step 3 was point 8 (W. Germany)
only it was considered for further searching. Of its alternatives
point 9 (Denmark) is clearly the best; but it has no new adjacent
points hence, the procedure fails. We must add some back-tracking
capability which permits recovery from unsuccessful lines of attack.l
A straight forward recovery procedure is to simply delete the un-
successful descendant, since it is not a viable alternative, back
up to its precedant and try the "next best" alternative, if any.
In this case descendant corresponding to point 9 (Denmark) is de-
tached and erased, and the iterative procedure continued with point
21 (E. Germany). Mo more problems are encountered and the final
decision tree has the form
s	 r f^
r
J ,
(1,845)
(2,588)
(3,189)
(4 9 123)	 (7 9 129)	 (8 9 97)	 (10,179)	 (11,331)
..r(4 9 123)	 (6,99)	 (9,56)*	 (10,179) (19 9 172) (20012)	 '(21963)
(20,112) (229171)
(18 1,226)	 (19,172) (22,171) (239751)
(23,751)
(15,913)	 (17 9 483) (18 9 226) (24,207)	 (2600)
i Virtually al 1 al gori thins Ai ch; perm ft batck-tracking involve tree
structures, although it may be only implicitly present,'as in cer-
tai n kinds of recursive procedureis i.
a'.
0
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The walk found is: 1:(Portugal), 2:(Spain), 3:(France),
8:(W. Germany), 21:(E.Germany) 9
 20:(Czech), 22:(Poland), 23:(USSR)
26:(Norway). Note that while the generated decision tree is of
depth 8, it contains only 26 points, Further, execution time is
approximately halved, even for this
	 exam simple	 le. This resultP	 P
also illustrates several other features which are characteristic
of heuristic programs. First of all, while we found a walk, we
did not find the shortest walk as was guaranteed in the algorithmic
approach. Secondly, we could not find a path in the decision tree
which consistently brought us "closer" to the goal. This is a
well known phenomena in theorem proving programs which frequently
employ heuristic methods.
Listings of the programs using Treetran routines to generate
the preceding result are given in Appendix A. It should be pointed
out that the heuristic solution outlined in this section, and
illustrated by the programs in the appendix is not really the best
way to decide whether a walk exists between two arbitrary points i.
It is true, that the procedure yields very rapid efficient solutions
for approximately 95% of the point pairs; and the majority of these
solutions are in fact the minimal walks. But in the remaining 5%
of the cases where the heuri sm fails to be applicable, the procedure
r
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is extremely inefficient. This again tends to be a characteristic
of heuristic programming. Most of the remaining pitfalls, together
with suggested solut•,ons are discussed in the following exercises.
Application of heuristic methods to the European map problem appears
to be deceptively simple. However, a thorough analysis yields in-
sights v,,hich are invaluable if one contemplates the more complex
heurist i c problem areas such as game playing, theorem proving, or
general decision theory.
Exercises:
7.4.1 The walk from point 1 (Portugal) to point 26 (Norway)
derived in this section is not minimal. Devise an
algorithm which given any non-repeating walk between
two points of G. will yield a minimal walk between the
points. (It is not expected that the algorithm will
work in arbitrary graphs).
7.4.2 Work through the proposed heuristic procedure to dis-
cover a walk from point 22 (Poland) to point 25 (Sweden)
and analyze why it fails. (The resulting walk will be
by way of Turkey!). In some heuristic problems it is
advisable to make backtrack jumps of more than one
ir
.,
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operating budget!). Proof of the existence of a
solution is almost always easier than the proof of non-
existence. In the former case we need only exhibit
one solution, in the latter we must show that aZZ
possib Ze sol uti c- s fail, Thiss aspect is particularly
evident in graph (o: ,Abgraph) isomorphism problems.
(See for example [10], or the TISOM routine of Tree-
tran.) A possible, but still time consuming approach
is to keep a separate list of failing paths. For
example, if at some stage it is discovered that the
goal is unattainable from a specified point, then
different decision paths which encounter the same point
should be immediately rejected without further explora-
tion.
7.4.4 In therecedi n two exercises it is found that the
	 }P	 9
heuristic approach breaks down in trying to establish
	 I
walks from 22 (Poland) to 25 (Sweden) and 4 (Belgium)
to 5 (Great Britian) . But if we look for walks in the
reverse direction the desired solutions are readily
obtained. This suggests a heuristic procedure which
has turned out to be extremely powerful in situations
where it is applicable. Instead of a single decision
I87
can not be enlarged we have demonstrated logical failure.
Program a two tree solution to the European map problem.
(The subroutine FIND should be useful here.)
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Appendix A: Sample Programs
Al. Sentence Generation
Program Listing
SYNTAX. . . . . . . . . . . . . . . . . . figure A1.1
Sample Input . . . . . . . . . . . . . . . . . . figure A1.2
Sample Output . . . . . . . . . . . . . . . . . . figure A1.3
A2. Tree Threading
Program Listing
THREAD. . . . . . . . . . . . . . . . . . f igure A2.1
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	 5	 SYNTAX
C
(: IHIS	 ('Rn(; kAM	 ­ RITES
	
SYNTACT ICALLY 	CORRECT	 SENTENCES
	
BASED	 O N
	 THE
C SYNTAX	 TAUL r S	 GIVEN
	 IT•
C
' I u PL 1 C 1 T	 l'JTLtjFR	 (A - Z l
R1 AL	 RANONO
1 111ENS1 1) ^t	 vnC4N ( zung 2) •SYMBOL ( t51 oRULES ( bnol01 oTwt(;( y 01 9
t	 SFACF. (30nU )
C
C 1	 1l`tIAJ,I11.
	
SV,iTAX
ONOLL0CALL	 SETti n 	(SPACE, Icinn, It
C ALL	 J1, CL A pt	 (W ALP H A I )
C
C Cgt;ATF,	 Voji.(TS
	 C3RRESPONDING
	 TO	 ALL
	
TERMS	 IN	 THE
	
VOCANULARY*
C 40TH	 TF.;k IIIJAL,
	
ANh	 N 11N•Tt' RMINAL.
r VO(A ►, (1 9 1 1
	 •	 I -+TH	 VOCABULARY
	
TERM
c V+)C A'1 (1 * 2 1	 a	 ALIAS	 (I F 	 CORRESPONDING
	 POINT
E'A0	 ( S	 1 1	 NV
I FORMAT
	 1161
^^1	 !0O	 I =I o N V
14F'AD	 (5s2)
	 VOCAA(1 9 i )
F0RMAT
	
cAo4
{ VnCA	 ( I
	
Z) 10 CRE:ATEIv0CA041
	 1
211 CON 	 INUF
!KITE	 (603)
3 F 010A T 	 (IHI93fiXoOVOCASULARYO)
'SPITE:	 (ti•'J)	 (VOCAO(IolloiitoNVI
4 1 , 11kMAT	 f'.Xo1547o/(5Xgp6A7)1
C
C C+if_AT1:	 TEitLS	 NHICH	 WILL	 SERVE	 AS	 ALTERNATIVES
	
IN	 THE	 REWRITE	 RULES
C (IF,* THE SE, ARE SYNTACTIC CATEGORIES VOH ICH ARE REALLY A STRIN(a
C; OF	 T ►°KMS • 1
C
r.'RF40
	 ( S ol)
	 N"..
1)0	 2U!;	 t=I *N
R F A 0	 (5 5 51
	 N F L n S o	 YMB0L(.I
	
J • 1 rNFLDSI
5 FORMAT	 ( 1499A61
• DO	 203	 J 8 I o?JF LOS
C CHECK	 11;14AT	 A LL	 REFERENCE	 TERMS	 ARE;	 ACTUALLY	 IN	 THE	 VOCAOULARY
34, Ct;
f)0	 201	 KNI # NV q
IF(SYMROL(Jl*E p •VOCAS(Ko M	 GO To RU'2
211 11 CONT IWUE
3
wtRITE
	
(b r a,)	 SYMB OL(J)
6 rOKMAT	 (	 HC # 46 r r	 I 1,5	 NOT	 IN	 VOCAOULANY 9 11STOP
}
202 SYMAOL(J)8V0CA8(Ko2) i
201 CON 	 1 ,4UE
Y=sv,18c0
00	 214	 J'*2 #NFLD i
X4cnf'Y(SYM9OL(J)
C AI,L	 rDGr	 (Y o X )
2U"1 GONT IoitjF.
CA LL 	 PRTREE	 I Y 1 ,'
205 COOT I NU`F
L12
^i
1
i
90
e
C	 RoILU THE SYNTAX TABLE • (lE• SET OF REW R ITE RULES)
iiULF f 1 s 1) n 	 LEFT SIDE  OF REWRITE RULE t 1 )
C	 KULE(Is2) • NC a NUMBER OF ALTERNATIVE RIGHT SIDES
C	 RULE. 1 1# 31
.0 •RU LE II jNC+21 • ALTERNATIVE RIGHT SIDES FOR RULE
C
AJKITL (bell
7 FORMAT 1 1 Ht1930X • # Rf: NR j TE RULES O
 )
READ (5.1) NRT
on 2 1 4 1•1oNKT
READ (501 SYMBOL(I)oNC*(SYMBOL(J+1)oJ•ItNCI
	
a	 FORMAT 1AW 69AAA1
wRITE (60) SYM8OL111#(SYm9OLtJ+IloJ81•NCI
	
9	 FORMAT (SXgA6# 0
 •> '#10(A6s'
Do 212 J819NC
n0 21n K•lgNV
IF(SYMROL1J+1)•EQ•VOCA9(Ko1ll GO TO 211
	
21U	 CONTINUE
C
+NRITE	 (6,6)	 SYMBOL(J +11
STOP
211 SYMAUL0+1)OVOCAB(K92)
212 CANTINUE
KULf:S ( 19110SYMROL(1)
HULF S(1921• NC
DO	 213	 K819NC
MULES( IrK+2)•SYM B OL'tK +1)
213 CONTINUE
21 11 CONTINUE
C
c,	 ALL SYNTAX OWNED
C
C	 FOLLOW ING IS REAL GUTS OF ROUTINE • + +^ + • + • •
C
RFAD 459W NSENToI
ICJ FORMAT ( 216)
CALL 1N1TRN(11
C
C	 QvENERATE N SENTENCES
c
DO 1000 ma t oNSE NT
SENT*C0PY 4V0CA6(Iv?1)
C	 FIN ID
 
ALI. TWIGS ( 1 E. ENDPOINTS) OF THE SENTENCE TkE;E.
C	
_	
,
500 CALL E14DS ( SENT * NT!WtGS TWIG)
C	 ARE ANY OF THE TWIGS ST RUCTURAL PARTS OF THE SENTENCE (IE•`NOT
C	 WoRnS uK PUNCTU AT IO) • IF SO ATTACH MORE STRUCTURE, TO THES :
C	 Tw1GS
C
Nr
q .
Al
I ;vv 10
rjq SO3 I a I #NT1^1165
C
C	 04ECK viE, T NE R ANY T'NIG IS A NT1N • TFRMINAL ON THE LEFT 510E OF A
C	 Pr hR 1 TE g 0LL •
C
TLR(1=LAr1FLI Th1(,(1) o1 )
00 5U1 Jul*NRT
IF*(TLfJ4, #r 149RU1,. y ( J * 1)) Gn TO 502
S,j 1 CANT 1 WiF;
C,n TO SO 4
r
C	 YES IT IS*	 PICK A NEW POINT ( OR SUBTREE) TO ATTACH AT THIS TRIG
C	 (IE• GF'NERATE A RANDOM NUMBER AND USE THIS TO
C	 P I CK ON E OF THE POSSI B LE REW R ITE RULES STOKED IN
C	 T ►4E SY^iTAX TARLEo )
C
9102 14A a I
!J'IMALTmRi'L0;
	 7 )
I^Ji)f $, a IF iX (RAP,IONO ( 3•O9FLOAT ( NOMALT) + 2.9) )
C
C	 CnV Y THE C HO SEN THEE AND ATTACH IT.
C
XwC0PY (Rt1LF."S(,J# INUEX) )
CALL LOGE. ( TA I G (1) @X)
5o3 CnhT I wiE
C
c
	 4F RE ALL TWI GS  WORDS
	 ( I C. TERMINA L SYMBOLS)
r.
IF(IS.u) 4U0 p5nyg500
c:
C	 YFS# NE ARC DANEo PRINT THE SENTENCE AND ITS PARSE TREE
C
1) '4 CALL FRTRLE (BENT)
00 505 K u l
 gNTW I GS
TWIG(K)•LA8EL(TWIG(K)•I)
5riS	 CONT I NUF
NPITE (6,111 1T W16(K)#K8IoNTWI6S1
11 F- 00411AT (1Nn o2 n A7 q/ 1X92nA7)
CAS I. Ft2h SE: 15f Nt )
0"
^
~.
..
^
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too Its
cu '14
OWn
pol
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Mp
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rat
0 too
laws
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I'M 6101MOSIV6111
41 0 4
1
1 1$$	 p4cop"
JONAUIP&IJ44	 101,40f
Mile 
11 
SPIMIN
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vd%
0	 01 1#0  UP
oil
151900	
6 
toop Job-
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SO^1,T 11
'^Ifu^T 1
Shot" 1
1^N^ JPI
CON" 1
\IMAT 1
SYretr ►
y	 ST	 1
•	 ^IfT ptll
^	 ^If A 1
Ming f 1
PUS
t	 ,	 j
1
-6"1
♦ 	
y	 •
i
y
t	 97
c»
0r
98
M,
►vFOR	 IS	 THREAD
SUBROUTI N E	 THREAD	 (TREEtIsFIRSTeLAST1
C
C	 THIS NOUTINF	 RIGHT	 THREADS	 A LABELED	 TREE#	 USING	 A POST-ORDER
C
	
TRANSVERSAL*
	 (IE•	 SUBTREES	 ARE	 TRAVERSED LEFT	 TO RIGHT	 BEFORE
C	 VISITING
	
THE	 wRINCIPAL
	
POINT*
C
C	 THE	 1 • TH	 LABEL	 (OF	 TYPE	 9 OCTAL 9 1	 IS	 USED	 AS	 THREAD	 LINKS
C
INTEGER	 TEMP(50)oSTACK(50)#NDONE(SOIPTOPoPOINTgFIRSTgPREVeTR ► E
I ►NEVER	 PREC
COMMON	 /	 TRETRN	 /	 LAVSoNULL#LASELT(Il1
C
C	 ALGORITHM BEGINS BY FINDING THE LEFTMOST END POINT 	 OF	 THE ENTIRE
C	 TREE.
C
I U I
	
TOPOD
CALL	 ENDS	 (TREEoNoTEMP) m
POINT•TEMPIII
FIRSTsPOINT
PREV'POINT
GO	 TO	 104
5
C
C	 FINU	 THE	 LEFTwMOST	 END POINT	 OF	 THIS	 SUBTREE•
C
102	 CALL	 ENDS	 (POINToNsTEMP)
POINTsTEMP111
C
C	 THREAD	 THIS POINT
C
IU3	 CALL	 ALTER	 (PREVoloPOINTI
PPEV"P01NT
C
C	 FIND PRECEDENT OF THIS POINT IN THE TREE •n UNLESS IT IS ALREADY
C	 THE PRINCIPAL POINT OF THE ENTIRE TREE•
C
IU4 IF(PO'INT*EQ•TREE) GO TO 109
POINT n PREC(POINT)
•s	
4
	 r
99
C
C	 ALL THE SUSTREES OF THIS POINT HAVE BEEN TRAVERSEO•
C	 THE STACK ANO THREAD ITS
C
IU7 TOP•TOP•1
(10 to 10,
C
POP IT OFF
C	 NE HAVE aJUST TRAVERSED THE LEFTMOST SUBTREE OF THIS POINT
C	 PUSH ITS NAME nOWN ON THE 9STACKO
C
lU® TopwTUP+I
STACKITOP) n POINT
ND014E(TOP)80
60 TO 106
C
C	 WE HAVE JUST THREADED THE PRINCIPAL POINT S
 ITREE19
C
109 LAST•TREL
CALL ALTt R (POINTsioNULL1
RETURN
ENE)
t
THREAD
Figure A2.1
P1
6I
tIi
1l
7
1
E
100
WF OR t 1 S	 INPUT
SUBROUTINE INPUT IEXPRES ►
C
C	 THIS ROUTINE READS EXPRESSIONS OF THE FORM
C	 <SI MP LE A R ITHMETIC INFIX EXPRESSION IN X> i
C	 AND CREATES THE CORRESPONDING TREE WHOSE PRINCIPAL POINT HAS
C	 ALIAS tEXPRF'S • •
C
C	 IN EFFECT IT IS A BABY COMPILER WHIC H USES A SLIGHT
C	 MODIFICATION OF ERSHOV'S ALGORITHM T O CONVERT INFIX STRINGS
C	 TU SUFFIX STRINGS USING OPERATOR PRECEDENCE*
C
INTEGER	 CHARIAf•PREC18f•DIGITI10i#STRINGI®Of•SYMSOL•QPRANDIZO)i
I	 CREATEtTYPTUP90PERAT120f#TOP2•SUBEXN•EXPREStTOPI•CARD
RLA L CUNST
LOGICAL INTGERtFRACTN
DATA CHAR	 /	 ttNEG•
0 A T A	 PRE,C	 /	 0	 t 2	 4 t 5 t 5•	 6
DATA	 01(,IT !	 •1•t'2•.'3'•t4•tt5ttt6•t'7•tt8•ttq••out
COMMON / NULSYM / NULL
C
CARD$5
I*U
TOP 1 •U
TOP2 ♦ C;
C	 HEAD IN THE STRING •
 INITIALIZE
C
101 READ ICAPO t I f STRING
1 FORMAT I8UA.I f
C
C	 FETCH NEXT SYMBOL
C
21)I IwI ♦ l
SYM8OLu5IHINGfll
C
C	 IS THIS SYMBOL„ E ITHER A SLANK^t DELIM1TERt PARENTHESISE OR OPERATOR
C
2U2 IF(S Y MROL • EQ •t t ) GO TO 201
DO 2Ur" K•1 97
IF{SYM8 L • EQ•CHARIKf) GO TO 301
203	 CONTINUE
C
C	 N0• PRESUMABLY THE SYMBOL IS EITHER THE VARIABLE 9 Xt OR
C	 A READ, CONSTANT OF THE FORM <DDD•DDD>
C
^,	 f x
it
i
2u4 IFISYMBCL•EQ• t X t I GO TO 212
INTGERu # ALSE
FRACTNQ9F'ALSE9
CONST+O•U
2US DO 206 J n 1 t I U
IFISY MBOL.EQ9D IGXTtJ1f 60 TO 207
2U6	 C O N TINU E
[F(9NnT . tNTGF0) 60 TO 901
Y=
c
C
Ct
t
E
C
C
C
C
C
C
jy
A "
r.
s^
4.
#j
&y .
f
C
C
c
c
C
c
C
c
C
C
c
C
C
c
C
c
a
101
THIS IS A DIGIT IN THE INTEGER PORTION OF THE NUMBER
200 INTGERnsTKUE•
CONST n IO•UOCONST+FLOATIMODtJo1QII
60 TO 210
THIS IS A DIGIT IN THE FRACTIONAL PART OF THE NUMBER
209 NmN+ i
CUN5T•COt4ST+4FLOAT(MOD(JoIO)II10*00*N!
ARF THERE MOR9 DIGITS
21U I•I+1
SYMBOL u STRING(I )
60 TO 20%
Not BUT THE DECIMAL NUMBER WAS WELL FORMED
CREATE, POINT OF FORM ( f A ? *CONST#NULLI AND PUSH ITS
NAME DOWN ON THE OPERAND STACK
211 TOP1•TOP1+1
OPRANOITOPI)OCREATE(OA'*CONSTiNULL1
60 TO 202
SYMBOL WAS # 90s CREATE POINT AND PUSH OOWN ON OPERAND STACK
212 TOPIGTOP1+1
OPRAND(TOPI)•CREATE(OXO#NULLeNULL)
60 TO 201
INPUT SYMBOL WAS A TERMINAL DELIMITER #PARENTHESIS OR OPERATOR
3U1 IF(K•EQ • 31 GO TO 308
SYMBOL WAS NOT AN OPEN PARENTHESIS
IF SYMBOL w $a* WAS IT A UNARY MINUS 0 THIS IS
DETERMINED BY CONTEXT (it# PRECEDING NON OBLANK SYMBOL)
IF(K•NE•51 GO TO 3,tn3
L•I
310 LuL• i
IFiL e LE90) GO TO 302
IF(STRING ( L1•EQ0 +1 GO TO 310
IF(STRING(L)#EQ9 0 1 9 ) GO TO 302
GO TO 303
1
-9 IS USED IN CONTEXT OF UNARY OPERATGRs 'TR EAT lT AS SUCH
302 Ku8
14	 zt
1.02
303 IF (TOPZ*F,4.0) GO TO 306
TYPTOPeOPERAT(TOP2)
IFIFREC(K).(tT.PREC(TYP°-OP)) 60 TO ;,07
tCfP7 n 'TOP2^ 1	 ..
IF (IYPTOf"9EQ*3) GO TO 307
C
C (REATL
	
NEw	 TREE	 WHOSE	 PRINCIPAL	 POIN T 	IS	 OPERATOR	 FROM	 STACK
C wHICi i 	HAS	 TOP	 TWO	 ( ONE	 IF	 UNARY	 MINUS)	 OPERANDS	 AS
C SUBT4LES.	 PUSH SACK	 DOWN ON	 THE	 OPE R AND
	
STACK
C
3U4 SUHEXP*CREATE	 (CHAR(TYPTOP)rNULLsNULL)
IF (TOP) * LL@0)	 GO	 TO	 903
CALL	 EUGtL	 (506EXPOPRAMO(TOPII)
IF(T`YPTO P• FQoh)	 60	 TO	 305
TOP16TOPI-I
IF I TOP I. ,L90)	 GO	 TO	 903
CALL
	
EUGLL	 ( SUbEXP I OPRAND ( TOPI)) -,
305 OPHAND(TOPI)"SUSEXP
GO	 TO	 303
C
C WAS	 THL	 SYMBOL	 THE	 TERM INAL 	 DELIMITER
C IF	 S(It	 CHECK	 THAT	 THE	 OPERAND	 STACK	 NOW	 C(MTAINS ONLY
C ONE	 TREE
	
NAME	 .	 IT	 IS	 OUR	 RESULT
C
306 IF( K•Nf4*l)	 CIO	 TO	 307
IF(TOPI.(jT.1)	 GO	 TO	 905
EXPRLS=GPRA.ND(TOP1)
RETURN
C
C WAS	 THE,	 INPUT	 SYMBOL
	 A	 CLOSE	 PARENTHESIS
C IF	 NOT	 PUSH	 THE	 INPUT	 SYMBOL DOWN ON THE OPE R ATOR STACKr
3U7 IF (K.EQ#2)	 GO	 TO	 201
308 TOPZ=TOP2+1 r
OPE.RAT (TOP2) •K
Go	 TO	 201
C r -^
C SYNTACTIC	 ERROR	 DIAGONISTICS
C
9U1 WRITE.	 (6#902)
902 FORMAT
	
('	 CONSTANT
	 IS	 NOT	 OF	 FORM	 DCD+DDDOI
GO	 TO	 901
903 ^%R I TE	 ( 6s904)
9U4 FORMAT	 ('	 OPERAND	 STACK
	
EMPTY
	
EXPRESSION	 IS	 ILLfORMED•)
GO	 TO	 9U'
9US WRITE	 (6s906)
9U6 FORMAT	 ('	 TOO	 MANY	 OPERANDS	 IN	 THIS	 EXPRESSION') k
C
10
6
..
103
(OFON o I S	 DERIVE
FUNCTION	 DERIVE	 1TREEI)
C
C oTREEIo	 REPRESENTS	 A SIMPLE	 ARITHMETIC EXPRESSION	 IN Xo	 THE NAME
C OF	 ITS
	
DERIVATIVE	 (IN	 TREE	 FORM)	 WILL	 BE	 RETURNEE)
C LABELI	 •	 SYMBOL	 •	 OoloAoXo•o"oNEGo•o/
C LABEL2 • VALUE OF EVALUATEn SUBEXPRESSION	 ION CONSTANT)
C LAHEL3 • UNUSED LABEL	 AVAILABLE TO THIS ROUTINE
C (NOTE	 -	 THIS	 ROUTINE	 ONLY	 EXAMINES LABELlo	 AND USES LABEL
C TO STORE	 TEMPORARY	 POINTERS)
C
IMPLICIT
	
INTEGER(A-Z)
COMMON	 / NULSYM	 /	 NULL
C
INTEGER	 SYMBOL(
	 ),DESCNDi101
DATA	 SYM40L	 /o A000loto0000X000NEGoo**000-0000000 /o
{ C
' c THREAD	 THE TREE
	 IN A POST-ORDER
	
TRANSVERSALo
	
USING LA4EL3
C TO HOLD	 THREAD POINTERS
C
1U1 CALL	 THRLAO	 (TREE1o3oNEXT,LAST)C
C EXAMINE	 EACH POINT
	
OF	 THE	 TREE
	 AS ORDERED BY	 THIS
	
TRANSVERSALS
C APPLY
	 APPROPRIATE
	 TRANSFORMATION TO CREATE DERIVATIVE
C SURTREEo
w*E c
IU2 IF( N EXT*FQ*NULL)	 GO	 TO	 301
POINTuNEXT
NEX7 n LA8LL(PO
	 NT	 3)I	 o
C
C WHAT
	 SYMBOL	 IS	 LABELI
LABEL I •LABEL 1 PO I NT o 1)
10'4 DO	 1US	 16109
I F(L AH ELIoEWoSYMBOL(I))	 GO	 TO	 106
IU5 CONTINUE
W RITE	 16*901)	 POINToLABELI
901 FORMAT	 (SX o o POINT o o013o o	 HAS UNRECOGNIZABLE LABE0 013)
CALL TRACE
STOP
C
106 GO	 TO	 (200 o2Olo2Olo2O2o2O3#2O4t2O492OSoe2O6)01
C
' C POINT	 IS	 (Ate**)
4
2U1 DPTOX•CRFATE(000o0oGvNULt,1
GO TO 207
Y
C POINT	 IS	 (Xoo,)
C
2U2 OPTDX=CREATE ( o I' 0 1 RO oNULL )
60 TO 207C
C POINT
	 IS	 (NEGoo*of+
.
203 DPTDXuCREA► TEIoNE(iooN_ULLPN'ULL)
CALL	 DEPTH	 IPOINTo1oNFOUNOoOESCND)'
IFINFOUND•NE9 ►i	 00	 T.0	 902
CALL EDGE
	
(DP`TDX94ASEL(OESO D(I)o31)
60-TO	 207
6I
104
C
C POINT
	 IS	 (*too*)	 OR	 (•tteo)
C
2(j4	 1)1'TDX n CRF,ATE (LASEL( P OINTt I) #NULLtNULL)
CALL
	
ULPTH	 (POINTtItNFOUNDOESCND)
IF(NF0lJNDaNEa2)	 GO	 TO	 902
CALL	 LOG#	 IDPT0X#LAAEL(OESCND(I)#311
CALL
	
EDGE	 PF'TDXRLAREL(DESCND(21#3))
GO	 TU	 201
C
C POINT	 15	 (ettee!
C
2US	 UPTUX n CRLATF' ( e + #
 tNULL#NULL)
CALL	 UEPTH	 (PU1NT#I9NFOUNDtDESCN0
IF(NFOUNOeNFa2)
	 GO	 TO	 902
U=c0ey (DE.5CN0I 1 f !
O V n L A HEL ( D ESCNC (2) 931 
PkU0°CREATEf*+##NULLtNULL)
CALL
	
EDGE.	 IDPTDX#PROD)
CALL	 E1)GF	 (PROD #U)
CALL	 EDGE.	 IPROO#DVI
c
VwCU'PY(DE,5CND(2))
0UaLAHEL(VESCND(I103)
PRGUxCkEATE(# +##NULL#NULL)
CALL
	 EDGL	 (OPT'DX#PROD)
CALL
	 EDGE	 (PRO D,V)
CALL	 tl)Gt-,	 (PRODOU)
GO	 TO	 201
C
C POINT
	 IS	 (/tote)
C
206
	 DPTUXw;CRFATE(t/t#NULLtNULL)
GALL	 DEPTH	 (P0INT#1#NFOUNDtDESCND)
t,,
I F (NF OUN0 a NE:" • 2)	 GO	 TO	 902
V=C0PY(DE'.SCND(2))
DU*LAbEL(DES(ND(I)#3)
PROUlMCREATE(#«ttNULLtNULL)
CALL
	 EDGE;	 ( PROD t V )'
CALL
	 EDGF<.	 (PRjD#OU)
0IFF o`CREATE" ("'- 0 #NULL #NULL)
CALL	 LDGFr	 (DPTDXoDIFF)
CALL	 EDGE	 (DIFF#PROD)
UwC0PY(DE.5CNDjI))
DVw LA6E,L (DESCND (2) # 3 )
PR0D w CREATE (# * t #NULL #NULL )
CALL	 LOGE'	 (RIFFtPROD)
CALL EDGE	 (PRODtU)
CALL	 EDGE	 (PRO0#DV)
V8C0PY(DLSCN0(2)f
PROU'CRE-ATE (# * # #NULL sNULL)
CA-LL	 LD4L	 (OPTDX#PROD)
CALL EDGE	 (PROD#V)
V•COPY(DESCN012)!
CALL CDGE	 JPROD#V)
GO	 TO 207 .-:.
—	
—	 p	 —	 mom r.	 ..	 x.	 ..	 toot..	 .-z„ 
A.
.,..	 _	 .
r6
105
c
C	 NOTE	 THAT	 WE	 HAVE CREATED THREE SEPARATE COPIES OF THE
C	 SUSTREE	 I V I * t OESCND121 9 9 	 IT WOULD BE CONVIENT	 TO HAVE
C	 ONLY	 ONE	 INSTANCE
	
OF	 'V I s	 WITH MULTIPLE EDGES	 TO
	
[To
C	 OUT	 THEN WE NO LONGER HAVE A TREE STRUCTURE#
	
INSTEAD
	 IT
C	 HECOMES	 AN	 ACYCLIC GRAPH WITH LEAST POINTS*	 TRELTRAN
C	 CAN HE GENERALIZED TO HANDLE THESE NEW STFUCTUHES -• BUT
C	 ONLY	 AT	 THE COST OF GIVING UP SOME OF THE NICE PROPERTIES
C	 OF	 TREES•
C
2U7	 CALL	 ALTLR	 IPOINTt3oDPTDXI
GO	 TO	 102
C
C	 ALL	 DUNE
C
3UI	 OERIVE s LAbELIP01NT 9 31RETURN
C
C	 ERROR	 CONDITIONS
C
9U2 WRITE 46#9031
9U3 FORMAT 11U SUST R EE BELOW IS ILL•FORMEDI1
9U4 CALL PRTREE IPOINTI
905 CALL TRACE
9U6 STOP
END
DERIVE
Figure A3.2
t
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105
IiF Uk IS	 F VALUE
. REAL
 FUNCTION FVALUE	 (LXPRES#X)
C,
C
THIS
S Eici IT I NF EXENPL IFES A STRA TGHT—FORWARD APPROACH FOR
C FVALUATING AN ARITHMETIC EXPRESSION IN X, GTVEN A PAPTTC0LAR
C VALUE OF X.
C THE TRF'F RFPRFSENTATION OF THE EXPRESSION IS RTAHT THRFAnFn
C wlTH RESPECT TO THE POST—ORDER TRANSVERSAL, F'FFECTTVELY
C Y I E LU T SIG A SUFFIX FORM E XPRESS T ON . 	 THE TREE STPUM IRE
C ITSELF THEN FUNCTIONS AS A PUSH
— DOWN STACKv HOLnTNG
C EVALUATED SUBEXPRESSIONS WHICH SERVE AS OPERANnS FOR THE
C HIGHER LEVEL OPERATORS.
C THE ROUTINE EXIT; WITH LABEL? CONTAIN'ING THF. VALUE OF THE
C SI ►REXPRESS[ON CORRESPONDING TO THAT POTNT.
C
INTEGER POINTp0PER(5) p DESCND ( 2) vFIRST
DATA	 OPER
	 /	 I NEG O ► '+1,'—' , '*'r 9/9
C
C THREAD T HF TPEE~ USING LAHEL3 AS THPE'AD LTNKS,
C
101 C ALL	 1HREAn	 (EXPRESp3PFIRST ► LAST)
r G
C F XAMINE EACH POINT
C
POINT=FIRST
,
C WHAT SYM B OL.	 IS LARELI
C
102 LANELI=LAHEt, (POINT. i )
TF(LAHELloFQo f X')	 GO TO	 111
IF (LA8EL1.FQo o A f )	 GO TO	 112
IF(LA8EL1,F0o f n f )	 GO TO	 112 c
IF(LAHFL1 gEQt e 1 9 )	 GO TO 112
0 0
 103
	
I=1r5 ^	 ..
IF (LAHEL19FO O OPER (I))
	 GO TO ln4
103 CONTINUE
WHITE	 (6r9R1)	 POINTPLAHELI
9o1 FORMAT	 ( f POINT I x0130 HAS ONRFCOGNI ? ABLE LABEL' . 0131s ^.
CALL TRA CE ;.
STOP
C
C THE POINT IS AN OPERAT I ON # FETCH BOTH nESCFNDENTS (ONLFSS
3 C IT I5 UNARY NEGATIVE)
C
104 CALL DEPTH ( POINT- , 1tNFOUNDP DESCND)
r IF((NFot,)ND.NE ?).AND
	
(I.NE.1))	 GO TO 9112
GO TO	 (105# 1060 07P 108 ' i09) ► I
'e
` S
bbt
4
r
107
C
105 SVALUE = -PLA©FL(nESCND(1)e2)
CO TO 110
C
106 SVALUE = RLARELIDESCND(1)r2) i RLAREL(nE CNn(:2)p2)
CO TO 110
C
107 FVALUE = RLAREL (DESCNO (1) r 2) - RLAREL mFscNn (1,) t 2 )
CU TO 110
C
Io8 SVALUE: = RLAREL (nESCNO (1) r 2) • * RLAREL (nESCNQ oo p p )
GO TO 110
C
109 SVALUE = RLAREL(DESCNO(1)v2) / RLARFL(nESCNn u )r2)
C
110 CALL ALTER (POINTr2tSVALUF)
CO TO 113
C
C	 THE POI0 IS THE VARIAHLE X. SET LAM 2 = 2ND ARGUMENT = X
C	 (LAREL2 OF CONSTANTS ARE ALREADY OFFINF.n)
C
111 CALL ALTER (PO1NTr2oX)
SVALUE = X
00 TO 113
C
C	 THE POINT IS A CONSTANT, SET SVAL(.1F = THE CONSTANT*
C
112 SVALUE=RLAREL(P0INT ► 2)
C
C	 MOVE ON TO NEXT POINT
C
113 IF(POINT-FOoLAST) GO TO 114
POINT=L AUFL (PO I NT r 3 )
GO TO 102
C
C	 EVALUATEV PRINCIPAL POINTP WE ARE nONE*
C
114 EVALUE = SVALUF
RETURN
C
C	 ERROR CONDITION
C
902 WRITE (66903)
903 FORMAT 0 THE FOLLOWING SUBTREF IS ILL-FORMF'0 )
9U4 CALL PRTHEE (POINT)
CALL TRACE
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C	 T I	 f , + o .rnA It r,ONSTVWCV, A 1 ADJACENCY GkAPH OF EU kVi;1 k.•	 EACH
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C	 jAmF OF COUNTRY
c	 .'n !T " Y
 
I o 	 -	 A ,L OF CAPI TOL
c	 C0 ,T "Y( 1 9 ► - l.ATIT IJ OL Or CAP I10L
C	 CU-!T'^ Y( 1, 4 1	 LONG I T11OE; nF CAPITOLT
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C	 IKt.C7F b 10(,L',j Iri TNE_ (,kAPH) vtITH
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C	 s D OTHERWISE
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Appendix B	 Graph Theoretic Results
In this section, we will rigorously define the concepts and results
stated in Section 2.
	
A relation E on a set P is a subset of P X P
that is, E is a set of ordered pairs each of whose members is an ele-
ment of P.	 A directed graph G = (P,E) is an arbitrary set P (called the
points of G) together with a relation E on P.	 Specific ordered pairs
(p,q) E E are called edges of G.	 A graph G is said to be a lobelled
graph over V if there exists a function x: P -* V.	 For a given point
p E P, x(p)	 E V is called its label. '	 Labelled graphs serve as useful
mathematical models for general computer data structures if one regards
the points of graph as representing cells or registers in the data
structure, labels as representing the data contained with particular
b
cells, and the graph itself as representing the structural relation be-
tween the cells, which is most often expressed by explicit links (or
,pointers) which correspond to the edges.	 In the rest of this section,
E4 however, we will be concerned solely with properties of graphs themselves,
'£ and we will ignore the presence of labels (or associated data).
A directed path p(p,r) from p to r is a sequence of points p = q09
g l ,...,gn	 r for n ' 0 such that (1) gi_l # qi	 and (2)	 (q i-1' qi) E E
for all i, 1	 1	 n.	 The path p(p,r) is said to have length n, denoted
jp(p,r)l	 = n.	 Notice that as a consequence of this definition, for all
points p there exists a path p(p,p) of length zero (since conditions (1)
0
r
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and (2) are vacuously true). Further, since paths are sequences of
points we may use the notation q i E p(p,r) to denote that g i lies on the
path, or alternatively that the path "goes through" qi.
A path p(p,p) of length greater than 1 is called a cycle. Graphs
without cycles are said to be acyclic. An edge of the form (p,p) is
called a loop, but in view of the preceding definition the sequence
< p,p > is not a path, and in particular a loop is not considered to be
a cycle.
A walk from the point p to the point r, denoted w(p,r) is a sequence
of points p = q° , q l ,... ,,,q ua = r n_'- 0 such that either (q i-1' qi) or
(q i , qi -1)E E. Intuitively a walk is a path in which the order (or
direction) of edges is ignored. A walk is simple if all points of the
sequence are distinct. It is not difficult to show that f there exists
a walk w l ( p,r) from p to r, then there exists a simple walk w2(p,r). Two
simple walks w i ( p,r) and w2 (p,r) are said to be distinct if there exists
a point q* in one but not the ether.
The reader should be cautioned that the terms "walk", "path",
"cycle", "circuit" are often interchanged by different authors. Our usage
is common, but far from standard.
Having defined the concepts of path and walk, it is now easy to
define two new relations II,n on the point set P of a graph G = (P,E) as
follows:
(p,q) n if there exists a path p (p,q )
( p , q,) a if there exists a walk w(p,Q)	 + ,
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particular, if P consists of just one equivalence class, that is, for
any p, q E P there exists a walk w(p,q) , we say G is connected.
In the same vein, we consider the path relation R. Here it is common
to consider a new graph G  = (P,R) on the same point set P. In this graph
Gt , called the transitive closure or G, we have an edge (p,q) if and only
there exists a path p(p,q) in G. Again it is easy to show that R is both
reflexive and transitive. If in addition G is acyclic, then clearly
p(q,p) => p = q (since if p # q we have by transitivity p(p,p) with
IpI ? 2). Hence, R is weakly anti-symmetric, yielding: if G is acyclic,
the path relation defines a partial ordering of P.
We can take advantage of the partial ordering on P in acyclic graphs
to define the following: A point p is called a minimal (maximal) point
of G if there exists no q # p such that p (q,p),. It is called a least
rf,	 (greatest) point if it is minimal (maximal) and further for all points1
r r'. G there exists a path p (p, r) .	 Every finite acyclic graph has at
least one minimal point. It has a least point if and only if that minimal
R'
point is unique.
Let us naw define a tree T = (P,E) to be a finite 
2
connected graph
such that:
(1) JPJ = (_EJ + 1 (that is the cardinality of the point set exceeds
the cardinal i ty of the edge set by one.)
or
I
i	 1
r
120
It is well known E 51, that conditions (1) and (2) are equivalent, and
we will use both characterizations. All trees are acyclic graphs, since
if not, there exists a path p(pp) s p, q l , ... , p of length ' 2. Clearly
we have two distinct walks w l (p,g l ) and w2(g11p) contradicting condition
(2).
1
A tree T is said to be a principal tree if it has a least point p,
in which case p is called its principal point.
A graph G' = (P', E') is said to be a subgraph of G = (P,E) if 1)
P' Q P and, 2) (p,q)E E' if ::nd only if (p,q) E E. T' is called a sub-
tree of T if T' is a connected subgraph of T.
We can now prove that T is a principal tree if and only if
(1) every subtree T' has a least point (called the principal point
of T' )
(2) every point has at most one precedent (i.e., in degree < 1).
Proof: (1) clearly implies T is a principal tree since T is a subtree
of itself. Conversely assume T has a least point p, but that VC T
has no least point. Then T' contains at least two minimal points r,s which
are connected by a walk w l (r,$) C T' since T' is a tree. Further, since
p is minimal in T, we have p(p,r) and p(p,$). Further p X T' and in
particular pit w l ( r,$) . We now have two distinct walks from r to s wi (r,s )
and w2 (r,$)
 
= p(p,r) U p(p,$) contradicting the hypothesis that T is a
tree. To show (2) is a necessary condition, suppose a point q has two pre-
cedents r and s (both ¢ q, since trees are loop free). Then r and s are
both minimal points of the subtree T' on the points q,r, and s. Hence,
sT' has no least point implying by (1) that T is not a principal tree.
Conversely, assume that every point has at most one precedent.
given any two edges (p,q) and (r,$) E E we must have p # r. Thus, we
can define a 1-1 function f: E + P' e P by f[(p,q)] = P. But T is a
tree, so 1P1 = JE) + 1, implying there exists some p  E P whi ch has no
^n
precedent. po is clearly minimal in T. it is also the least point,
i
since f a 1-1 function implies every other point has a precedent and
cannot thus be minimal .// Thus, the intuitive definition of principal
trees given in Section 2 is justified.
By the preceding theorem, every subtree T' of T has a principal
point, call it V. Of more interest is largest subtree for which t'
the principal point; these we call principal subtrees. Alternatively,
the principal subtree T4., is the subgraph consisting of all points p
such that p( t' ,p). Readi ly, there is a 1-1 correspondence between the
points p of a tree and its principal subtrees which is exploited by Tree-
tran. Also, we should note that the endpoints of any principal subtree
Tt , are precisely its maximal points.
Finally, we justify the terminology principal tree and principal
point which is not standard in graph theory. If S is a set of elements
in an algebraic system which is partially ordered (as acyclic graphs are),
ri
1	 1
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Appendix C: Details of Implementation
Treetran was implemented using standard linked list techniques and
exhibits few unique or unusual features. Still it is of value for
students of data structures to see how standard techniques may be used
to construct a coherent system. In most text books they are encounter-
ed only in disjointed fragments.
The influence of the SLIP list processing package developed by
J. Wi zenbaum [ 12] is evident, particularly in our exclusive use of
Fortran as the host programming language supported by a few assembly
language pri mati ve routines; and in the manner in which structures are
returned to a pool of available cells. In fact, an earlier version of
Treetran [ 9 ] explicitly used SLIP to build its data 'structures.
Principal trees are represented in Treetran by a linked  structure
of fixed size cells. Each point of the tree is represented by a single
cell. The size (number of sequential words) of a cell is set equal to
the number of labels per point plus two by the SETUP routine, and re-
mains fixed for the remainder of the run. The first two words of
each cell are used for pointers, links,  and bookkeeping. The re-
maining words contain the associated labels,, one label per word.
A straight-forward way of representing tree structures would be
to store, in each cell corresponding to a point of the tree, links to
every cell representing a descendant of that point in the tree. Since,
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The easiest solution, and the one used by Treetran, is not to re-
present trees in their explicit farm, but rather as an equivalent
binary tree. This transformation of any arbitrary principal tree into
an equivalent binary principal tree is well explained in Knuth [ 61.
Briefly, all descendants of a given point are called brothers.
The "left-most" descendant is called the son. Let p be any point in
a tree T with descendants gig 92900.09n. In the equivalent binary
tree V. p would have as its left descendant (or son) the point gl.
The point g l , would in turn have as its right descendant (or brother)
the point 92 , and so on. This transformation is most clearly conveyed
by means of an illustration. Consider the tree of Figure 27 (which
has thi same structure as those of Figures 2 and 6)
a:( )
b •( 
	c: ( )
d:( )--l► e:(
i
7
I
i
6
y
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Figure 28 illustrates the equivalent binary tree.
n:( )i:(
	 J:	 k:()	 1;( )--aim:( )
o:( ) ---- p : ( )
Figure 28
l
Computer representation of principal trees by their equivalent
	
l
binary trees is the essential key to the Treetran system. Since the
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RFCNTR (reference counter) and PREV link respectively. The reference
counter field is used in conjunction with tree erasure and will be
described later. The PREV link is simply a link to the precedent
I point in the tree (which if it exists must be unique). Thus, the field
format of each point cell is
SON BRTHR
RFCNTR PREV
LABEL 1
LABEL '2
r
LABEL n
A typical tree, such as Figure 27, would be represented by the
structure of Figure 29.
SETUP initially creates a pool of available cells organized as a
queue. A single bookkeeping word LAVS maintains the queue. The left
half (M1) of LAYS points to the bottom of the queue, the right half
02) points to the top of the queue, If a cell is required by a Tree-
z
tran routine it is taken from the top of the free queue by a prima-
tive routine GIVEME and delivered to the requesting routine.
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Cells are returned to the bottom of the free queue by means of the
primative routine TAKEIT.	 The integrity of the queue of free cells is
guaranteed by restricting all interface between Treetran and the free
pool to use these two primatives.
The bookkeeping word LAVS is stored in labelled common
/TRETRN/ together with NULL (the user defined null value) and LABELT
(11).	 In this	 latter label table, which is established by DECLAR,
LABELT(1) denotes the declared number of Labels per point
	 LABEL(i)9
i = 2,...,11 denotes the declared type of label i using the integer-1
codes 0, 1 9
 2 9 3 9 4 9 5 to represent 'TREE' S 	 ' OCTAL' ,	 'LOGICAL 	 ,
'ALPHA' S 'INTEGER', and 'REAL' 	 respectively.	 Various routines check
the label table LABELT to verify that given label's are actually of the
' declared type.
This kind of internal checking is best exemplified in the im-
portant case of tree variables.
	 As described in Section 3, a tree
Y
variable is any ordinary Fortran variable whose contents is the name
of a point (or tree). 	 The name of a point is essentially the core
address of the first word of the cell representing that point. 	 Unfor-
tunately it is extremely easy to make coding errors and thereby pro-
vide a Treetran routine with an argument which contains an arbitrary
n umbe v.
128
If this were interpreted as a core address, the results might be dis-
astrous. To Siard against these occurrences, Treetran uses point
names in repeated field format; that is, the name of a paint is its
i
core address repeated in both the left and right halves of a word.
As a further safeguard, all cells in the free queue have RFCNTR = 0,
while all cells in active tree structures have RFCNTR '- 1. All non-
null arguments and labels which are supposed to be tree variables are
first checked by a logical function ISTREE before use.
The execution of most of the Treetran routines will b , evident
from their listings i ven	 r	 di	 description f	 rg	 the p ecee ngo he tree data
structures and the queue of free cells. Three routines are sufficient-
ly involved, however, that additional comment is warranted. They are
ERASE, PRTREE, and TRACK.
Of the three, ERASE is the most important. In essence, a call to
ERASE simply examines all points in tree and returns its cells one bp Y	 p	 Y
2
one.	 However, several complications can arise. Suppose a tree is
to be erased. I f some of its point labels are of type 'TREE`, then
these label trees should also be erased. Suppose that a tree serves
as a label of several points in several trees, even though it is
"erased" as a label at onep oint, its cells should not be returned to
the free queue:. In general, no "erased" tree should be returned to
a129
the free pool if it is still a valid label of any point. However, it
is possible that only a subtree of a tree to be erased is used else-
where as a label tree. In this case the still valid subtree should
be detached and all other cells returned to the free pool. Suppose
the user has created two ordinary aliases for the same tree (a fact
unknown to Treetran system); calls ERASE using one of them; and later
provides the other alias (of a now non-existant tree) to a Treetran
routine.
Various safeguards are built in to the Treetran system which
provide the user with protection (in some cases only partial) in
these situations. As mentioned before, all cells in active use have
RRCNTR at least one. Principal points of trees which are not label
trees have RFCNTR = 1. Points which have precedents have RFCNTR at
least two. Every time a point is used as a tree label, its RFCNTR is
incremented by one. A call to ERASE first checks the RFCNTR of the
given point; if it is zero the cell is already in the free pool an
an error message is printed. If RFCNTR ' 2 the tree may not be
physically erased and a normal exit is taken. If RFCNTR = 1 the tree
may be actually erased. The routine sequences through all cells of
the tree. If the cell has RFCNTR -' 3 (indicating that it is the
principal point of a label tree) it is detached from the structure.
Otherwise the cell is checked for the presence of label trees; if the
J*
i
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After all cells of a tree have been returned, the pushdown stack
is examined. If it is empty, the routine, terminates; otherwise the
entire procedure is iterated using the top name of the stack.
It can be seen that use of RFCNTR field as a reference counter
1
prevents most instances of premature erasure. 	 In essence, we try to
count all references made to any tree in the users program, but since
tree aliases may be created and destroyed without involving the Tree-
tran system, this procedure can not be made infallible without sub-
stantially altering the Fortran compiler. In particular, three
specific error conditions may arise without detection.
1) A user may destroy all references (aliases) to a tree, so
that it can never be erased or used. In effect it is lost.
2) A user may create two aliases to the same tree and erase it
using one of the aliases. Later he may unintentionally use
the other alias.
If in the meantime that cell has been re-issued from the free
pool to build a different tree structure, the wrong tree may
be inadvertantly manipulated. By adding returned cells to
the bottom of the free queue, thus requiring them to "filter
to the top before re-issue, the probability of this situation
is minimized.	 0
3) A tree may exist as a label tree, and may exist "by its own
I
1`
r
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If it is erased as a label tree, it will be destroyed even
1
though separate reference to it is still valid.
The PUREE routine also borrows cells from the free queue in its
operation. Basically, this routine steps through every point of the
specified tree (or subtree) using a preorder traversal. The labels
of each point are printed as encountered using formats that are deter-
mined from the label table LABELT. If the label is of type TREE, its
actual printing is deferred by putting its name into a label tree
queue (after first determining that it is not already in the queue)
and simply printing a reference identifier at that point). Label
trees, themselves, are then printed after completely printing the
main tree.
As each point of a tree is encountered in the preorder traversal,
count is kept of its depth below the principal point. When it is
printed, it is spaced a corresponding distance across the page. If
however the tree is so deep that the right hand margin would be en-
countered, a continuation identifier is printed and that point is
added to a continuation queue. Continued subtrees are printed after
printing the main tree, but before printing label trees if any.
PUREE borrows cells from the free pool to create both the label
0r
132
When a label tree is printed, however, its cell in the label queue is
not deleted. Instead a pointer [LHl of LBLTRE] is advanced to the
next cell. LH2 of LBLTRE always points to the first cell, thus,
when a new label tree is encountered it is first compared with all
tree names in the label tree queue (whether they have already been
printed or are yet to be printed). If it is found, the identifier of
that tree is printed; if it is not yet in the queue, a new identifier
is created and a new cell added to the queue. This approach effec-
tively prevents the PUREE routine from getting locked into a recur-
sive loop of label trees.
One more routine requires additional comment, that is the isomor-
phism routine. Actually TISOM and TEQUAL both call a routine TRACK
which does all the work, and this is the routine we will discuss.
Let us suppose that we are given two trees with principal points
t and t'. A procedure for determining isomorphism can best be de-
fined recursively by:
1) if the out degrees of the two principal points are unequal,
the trees are not isomorphic
2) if the out degrees are equal, and
M
i1.3 3
wish to test two trees with principle points t and t l
 for isomorphism.
Suppose these points have a, b, co d, e, and a l .  b i , c o t d 1 ,
 e l ,
respectively as descendants. Then recursively we must test all 51
possible pairings of these 5 descendants for isomorphism, that is the
120 permutations, (a,a')(b,b')(c,c')(d,dl )ie,e' ); (a,b')(b,a' (c,c' )
(d,d'(e,e'); ... ;(a,e'),(b,d'),(c,c')(d,b')(e,a').
If however we partition both sets of descendants according to
their out degree, we can substantially reduce the combinatorial num-
ber of possible lesser isomorphisms to be checked. For example, if
a, b, c I , e I all have out degree d l
 and c, d, e, a 1 , b I , d I have out
degree d2 , then we need only test the 21 * 3! = 12 possible pairings
(a,cl)(b,e')(c,a')(d,b')(e,d'), (a,a')(b,c')(c,a')(d,bl)(e,d');...;
(a,e')(b,c')(c,d')(d,bl)(e,a'). This preliminary screening on the
basis of outdegree which is used by Treetran (statements 200 through
217 in TRACK) was first suggested by Unger [10]. 
1
Even with this preliminary screening, a large number of possible
point matchings must be recursively attempted. Records of those
matchings attempted, and those yet to be tested are kept in the form
of a tree (but without using the Treetra, system). If two points are
tentatively paired (say t and t' of the example) then unless both are
endpoints, we immediately have 12 (in this case) new sets of point
t
r
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individual  point pairs. A cell is set up with a link  to the two res-
pective Treetran points; and the 5 cells arranged in a "Y-list". Thus
given a specified point pairing (t, t ") , a particular matching of its
descendants is represented as a Y-list. Pointers to all such Y-lists
are chained in the X-list. Each Y-list has a header cell which
provides a back pointer to the appropriate X-list.
To continue the test we look at the last Y-list (possible match-
ing of descendants) and begin recursively to try and verify each of
individual point pairs on this list. Each pair is examined in turn,
and each may lead to the creation of a new X-1 i s t ( and so on) . Thus,
each X-list must have a header which serves as back pointer to the Y-
list which caused it.
If all the individual  point pairs in a Y-1 i s t can be verified as
isomorphic, then that matching of descendants was successful, we can
erase the X-list and all lower Y-lists, back up and report success for
the original point pair. If at least one point pair in a Y-list is
unsuccessful, then we erase only that Y-list, back up and try the
next possible matching (next Y-list pointed to by the X-list). If
V
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which is all that Treetran will handle and 3) determining general
graph isomorphism is still an order of magnitude worse. See [10]  for
an interesting liscussion of this last case.
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